PROBABILITY AND MEASURE

J. R. NORRIS
CONTENTS
Measures
Measurable functions and random variables

1

2

3. Integration

4. Norms and inequalities

5. Completeness of LP and orthogonal projection
6. Convergence in L'(PP)

7. Fourier transforms

8. Gaussian random variables

9. FErgodic theory

10.  Sums of independent random variables

11
18
28
31
34
37
43
44
48

These notes are intended for use by students of the Mathematical Tripos at the Uni-
versity of Cambridge.  Copyright remains with the author. Please send corrections to

j.r.norris@statslab.cam.ac.uk.
1



SCHEDULE

Measure spaces, o-algebras, m-systems and uniqueness of extension, statement *and
proof* of Carathéodory’s extension theorem. Construction of Lebesgue measure on
R, Borel og-algebra of R, existence of a non-measurable subset of R. Lebesgue—
Stieltjes measures and probability distribution functions. Independence of events,
independence of o-algebras. Borel-Cantelli lemmas. Kolmogorov’s zero—one law.

Measurable functions, random variables, independence of random variables. Con-
struction of the integral, expectation. Convergence in measure and convergence al-
most everywhere. Fatou’s lemma, monotone and dominated convergence, uniform
integrability, differentiation under the integral sign. Discussion of product measure
and statement of Fubini’s theorem.

Chebyshev’s inequality, tail estimates. Jensen’s inequality. Completeness of LP for
1 < p < oo. Holder’s and Minkowski’s inequalities, uniform integrability.

L? as a Hilbert space. Orthogonal projection, relation with elementary conditional
probability. Variance and covariance. Gaussian random variables, the multivariate
normal distribution.

The strong law of large numbers, proof for independent random variables with bounded
fourth moments. Measure preserving transformations, Bernoulli shifts. Statements

*and proofs* of the maximal ergodic theorem and Birkhoff’s almost everywhere er-

godic theorem, proof of the strong law.

The Fourier transform of a finite measure, characteristic functions, uniqueness and in-
version. Weak convergence, statement of Lévy’s continuity theorem for characteristic
functions. The central limit theorem.

Appropriate books

P. Billingsley Probability and Measure. Wiley 2012 (£90.00 hardback).

R.M. Dudley Real Analysis and Probability. Cambridge University Press 2002 (£40.00
paperback).

R.T. Durrett Probability: Theory and Ezamples. (£45.00 hardback).

D. Williams Probability with Martingales. Cambridge University Press 1991 (£31.00
paperback).



1. MEASURES

1.1. Definitions. Let E be a set. A o-algebra € on E is a set of subsets of F,
containing the empty set () and such that, for all A € € and all sequences (4, : n € N)
in &,

The pair (F, €) is called a measurable space. Given (E, &), each A € € is called a
measurable set.

A measure pon (E, &) is a function u : € — [0, 00], with u(0) = 0, such that, for
any sequence (A, : n € N) of disjoint elements of &,

()

This property is called countable additivity. The triple (E, &, p) is called a measure
space.

1.2. Discrete measure theory. Let F be a countable set and let € be the set of
all subsets of E. A mass function is any function m : E — [0, 00]. If p is a measure
on (E, &), then, by countable additivity,

p(A)=> p({z}), ACE.

r€A

So there is a one-to-one correspondence between measures and mass functions, given

by
m(z) = p({z}), p(A)=> m(z).

€A
This sort of measure space provides a toy version of the general theory, where each
of the results we prove for general measure spaces reduces to some straightforward
fact about the convergence of series. This is all one needs to do elementary discrete
probability and discrete-time Markov chains, so these topics are usually introduced
without discussing measure theory.

Discrete measure theory is essentially the only context where one can define a
measure explicitly, because, in general, o-algebras are not amenable to an explicit
presentation which would allow us to make such a definition. Instead one specifies
the values to be taken on some smaller set of subsets, which generates the o-algebra.
This gives rise to two problems: first to know that there is a measure extending the
given set function, second to know that there is not more than one. The first problem,
which is one of construction, is often dealt with by Carathéodory’s extension theorem.
The second problem, that of uniqueness, is often dealt with by Dynkin’s 7-system

lemma.
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1.3. Generated o-algebras. Let A be a set of subsets of E. Define
o(A)={ACFE:Aecé forall o-algebras € containing A}.
Then o(A) is a o-algebra, which is called the o-algebra generated by A . It is the

smallest o-algebra containing A.

1.4. m-systems and d-systems. Let A be a set of subsets of E. Say that A is a
m-system if ) € A and, for all A, B € A,

ANBeA.

Say that A is a d-system if E € A and, for all A, B € A with A C B and all increasing
sequences (A, :n € N) in A,

B\AcA, [(JA, €A

Note that, if A is both a m-system and a d-system, then A is a o-algebra.

Lemma 1.4.1 (Dynkin’s 7-system lemma). Let A be a w-system. Then any d-system
containing A contains also the o-algebra generated by A.

Proof. Denote by D the intersection of all d-systems containing A. Then D is itself
a d-system. We shall show that D is also a m-system and hence a c-algebra, thus
proving the lemma. Consider

D'={BeD:BnNnAeDforall Aec A}

Then A C D’ because A is a m-system. Let us check that D’ is a d-system: clearly
E € D’; next, suppose By, By € D’ with B; C By, then for A € A we have

(Bo\ Bi)NA= (BN A)\ (B, NA) €D

because D is a d-system, so By \ By € D’; finally, if B, € D',n € N, and B, T B,
then for A € A we have
B,NA+BNA

so BNAe€Dand BeD'. Hence D =7D'.

Now consider
D"={BeD:BNAeDforall Ac D}.

Then A C D” because D = D’. We can check that D” is a d-system, just as we did

for D’. Hence D” = D which shows that D is a 7w-system as promised. O
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1.5. Set functions and properties. Let A be any set of subsets of £ containing
the empty set 0. A set function is a function p : A — [0, co] with () = 0. Let u be
a set function. Say that p is increasing if, for all A, B € A with A C B,

1(A) < u(B).
Say that u is additive if, for all disjoint sets A, B € A with AU B € A,
(AU B) = pu(A) + u(B).

Say that u is countably additive if, for all sequences of disjoint sets (A, : n € N) in
A with U, A, € A,

() -z

Say that u is countably subadditive if, for all sequences (A, : n € N) in A with
U, A, € A,

m (U An> <> u(An).
1.6. Construction of measures. Let A be a set of subsets of £. Say that A is a
ringon E if ) € A and, for all A, B € A,
B\AcA, AUBEeA
Say that A is an algebra on E if ) € A and, for all A, B € A,
Ace A, AUBeA.

Theorem 1.6.1 (Carathéodory’s extension theorem). Let A be a ring of subsets of
E and let p: A — [0,00] be a countably additive set function. Then u extends to a
measure on the o-algebra generated by A.

Proof. For any B C F, define the outer measure
w(B) = inf 3 p(A,)

where the infimum is taken over all sequences (A, : n € N) in A such that B C |, 4,
and is taken to be oo if there is no such sequence. Note that p* is increasing and
p*(0) = 0. Let us say that A C F is p*-measurable if, for all B C F,

pH(B) = p(BNA) + p* (BN AY).

Write M for the set of all p*-measurable sets. We shall show that M is a o-algebra
containing A and that u* restricts to a measure on M, extending p. This will prove

the theorem.
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Step 1. We show that pi* is countably subadditive. Suppose that B C (J,, B,,. We have
to show that
p(B) < 3w (Ba)

It will suffice to consider the case where p*(B,,) < oo for all n. Then, given ¢ > 0,
there exist sequences (A, : m € N) in A, with

B, C|JAum, (B +€/2" 2> pu(Anm).
Now

BcJUAwm

p(B) < ZZM(Anm) < ZU*(BN) +e.

Since € > (0 was arbitrary, we are done.

SO

Step 1I. We show that p* extends p. Since A is a ring and g is countably additive,
i is countably subadditive and increasing. Hence, for A € A and any sequence
(A, :neN)in A with A C |, A,

p(A) < AN A < 3 (A
On taking the infimum over all such sequences, we see that u(A) < p*(A). On the
other hand, it is obvious that p*(A) < p(A) for A € A.
Step III. We show that M contains A. Let A € A and B C E. We have to show that
pH(B) = p(BNA) + p* (BN A%).
By subadditivity of p*, it is enough to show that
pH(B) Z p (BN A) +p* (BN AY).

If *(B) = oo, this is clearly true, so let us assume that p*(B) < oco. Then, given
e > 0, we can find a sequence (A, : n € N) in A such that

B C UAn, p(B)+¢e> Z,u(An).

Then
BnAC|J(A.n4), BnA C|JA,nAY)

p(BNA) +u (BNAY) <Y (AN A) + > (AN A) =D  u(A,) < p*(B) +e.

Since € > (0 was arbitrary, we are done.



Step IV. We show that M is an algebra. Clearly E € M and A¢ € M whenever
A € M. Suppose that Ay, Ay € M and B C E. Then

WH(B) = (BN Ay) + (B N AS)
=u (BNA; NA)+p (BNA NAS) + p* (BN AJ)
= (BNA NA)+p* (BN (A NA)NA)+p" (BN (AN Ay N AT
=u (BN (A1 NAy))+ p (BN (AN Ay)°).

Hence A; N Ay € M.

Step V. We show that M is a o-algebra and that p* restricts to a measure on M. We
already know that M is an algebra, so it suffices to show that, for any sequence of
disjoint sets (A4, : n € N) in M, for A =, A, we have

AeM, p(A) =) uw(A).

So, take any B C FE, then
pH(B) = p (BN AL+ p (BN A])
= W (BN A) +p" (BN Ag) +p (BN AN AG)

== p(BNA)+p (BNASN---NA).
i=1
Note that p*(BNA{N---NAS) > p* (BN A for all n. Hence, on letting n — oo
and using countable subadditivity, we get

w(B) 2 3 Wt (BA,) + 1 (BAAY) = p* (BN A) + (B A).
n=1

The reverse inequality holds by subadditivity, so we have equality. Hence A € M
and, setting B = A, we get

W (A) =3 (4.

1.7. Uniqueness of measures.

Theorem 1.7.1 (Uniqueness of extension). Let uy, 1o be measures on (E,E) with
1 (E) = po(F) < oo. Suppose that py = ps on A, for some w-system A generating
€. Then py = pg on E.

Proof. Consider D = {A € € : 1 (A) = u2(A)}. By hypothesis, E € D; for A, B € €
with A C B, we have

pr(A) + (B \ A) = pu(B) < oo, i p2(A) + p2(B\ A) = p2(B) < 00



so, if A, B € D, then also B\ A € D;if A, € D,n € N, with A, 1 A, then
pa(A) = lim gy (A,) = lim pi(A,) = pa(A)

so A € D. Thus D is a d-system containing the m-system A, so D = € by Dynkin’s
lemma. 0J

1.8. Borel sets and measures. Let E be a Hausdorff topological space. The o-
algebra generated by the set of open sets is F is called the Borel o-algebra of ' and
is denoted B(F). The Borel o-algebra of R is denoted simply by B. A measure p on
(E,B(E)) is called a Borel measure on E. If moreover pu(K) < oo for all compact
sets K, then p is called a Radon measure on FE.

1.9. Probability measures, finite and o-finite measures. If p(E) = 1 then u
is a probability measure and (E, €, p) is a probability space. The notation (Q, F,P) is
often used to denote a probability space. If u(FE) < oo, then p is a finite measure.
If there exists a sequence of sets (E, : n € N) in € with u(E,) < oo for all n and
U,, En = E, then p is a o-finite measure.

1.10. Lebesgue measure.

Theorem 1.10.1. There exists a unique Borel measure p on R such that, for all
a,b € R with a < b,

ul(a.b]) = b —a.
The measure p is called Lebesgue measure on R.

Proof. (Existence.) Consider the ring A of finite unions of disjoint intervals of the
form

A= (a1, b)) U---U(ay, byl
We note that A generates B. Define for such A € A

n(A) = Z(bi — ;).
i=1
Note that the presentation of A is not unique, as (a,b] U (b,c] = (a,c| whenever
a < b < c. Nevertheless, it is easy to check that p is well-defined and additive. We
aim to show that p is countably additive on A, from which the existence of a Borel
measure extending p follows by Carathéodory’s extension theorem.

By additivity, it suffices to show that, if A € A and if (A,, : n € N) is an increasing
sequence in A with A, T A, then p(A,) — u(A). Set B, = A\ A,, then B, € A and
B, | 0. By additivity again, it suffices to show that u(B,) — 0. Suppose, in fact,
that for some € > 0, we have u(B,) > 2¢ for all n. For each n we can find C,, € A
with C,, € B,, and u(B, \ C,) < &27". Then

a(B\ (G0 NC) S p(BI\NCY U U (By\Co)) £ ) e27" =

neN
8



Since p(B,) > 2¢, we must have u(CyN---NC,) > ¢, 50 CyN---NC, # (), and
so K, =Cin---NC, #0. Now (K, : n € N) is a decreasing sequence of bounded
non-empty closed sets in R, so @ # (), K,, € (,, By, which is a contradiction.

(Uniqueness.) Let A be any measure on B with A((a,b]) =b—a for all a < b. Fix n
and consider

pn(A) = pu((n,n+1]NA), (A =A((n,n+1]NA).

Then p, and A, are probability measures on B and pu, = A, on the m-system of
intervals of the form (a, b], which generates B. So, by Theorem 1.7.1, u,, = \,, on B.
Hence, for all A € B, we have

p(A) = D7 pn(4) = 37 (4) = A(A).

O
The condition which characterizes Lebesgue measure p on B allows us to check
that p is translation invariant: define for x € R and B € B

pr(B) =pw(B+z), B+z={b+x:bec B}

then p,((a,b]) = (b+x)— (a+2x) =b—a, so u, = p, that is to say u(B+z) = u(B).

The restriction of Lebesgue measure to B((0,1]) has another sort of translation
invariance, where now we understand B + z as the subset of (0, 1] obtained after
translation by z and reduction modulo 1. This can be checked by a similar argument.

If we inspect the proof of Carathéodory’s Extension Theorem, and consider its
application in Theorem 1.10.1, we see we have constructed not only a Borel measure
1 but also an extension of i to the set of outer measurable sets M. In this context, the
extension is also called Lebesgue measure and M is called the Lebesgue o-algebra.
In fact, the Lebesgue o-algebra can be identified also as the set of all sets of the
form AU N, where A € B and N C B for some B € B with u(B) = 0. Moreover
(AU N) = p(A) in this case.

1.11. Existence of a non-Lebesgue-measurable subset of R. For x,y € [0, 1),
let us write x ~ y if t —y € Q. Then ~ is an equivalence relation. Using the Axiom
of Choice, we can find a subset S of [0,1) containing exactly one representative of
each equivalence class. We will show that S cannot be Lebesgue measurable.

Set @ = QN [0,1) and, for each ¢ € @, define S+ g = {s+ ¢ (mod 1): s € S}.
It is an easy exercise to check that the sets S + ¢ are all disjoint and their union is
[0,1). On the other hand, the Lebesgue o-algebra and Lebesgue measure on (0, 1] are
translation invariant for addition modulo 1. Hence, if we suppose that S is Lebesgue
measurable, then so is S + ¢, with u(S + ¢) = p(S). But then

L=p([0,1) => pu(S+q) = ulS)
qeQ q€Q

which is impossible. Hence S is not Lebesgue measurable.
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1.12. Independence. A probability space (€2, F,P) provides a model for an experi-
ment whose outcome is subject to chance, according to the following interpretation:

Q) is the set of possible outcomes
F is the set of observable sets of outcomes, or events
P(A) is the probability of the event A.

Relative to measure theory, probability theory is enriched by the significance attached
to the notion of independence. Let I be a countable set. Say that a family (A; : i € I)
of events is independent if, for all finite subsets J C I,

P (ﬂ Ai> =[P4
ieJ ieJ
Say that a family (A; : @ € I) of sub-c-algebras of F is independent if the family

(A; : ¢ € I) is independent whenever A; € A; for all i. Here is a useful way to
establish the independence of two o-algebras.

Theorem 1.12.1. Let Ay and Ay be w-systems contained in F and suppose that
P(A; N Ay) = P(A;)P(Ay)
whenever Ay € Ay and Ay € As. Then o(Aq) and o(As) are independent.
Proof. Fix A; € A; and define for A € &F
H(A) = B(A N A),  v(4) = P(4)P(4).

Then p and v are measures which agree on the m-system A,, with u(Q2) = v(Q) =
P(A;) < oo. So, by uniqueness of extension, for all Ay € o(A,),

P(A; N Ay) = p(As) = v(Ag) = P(A))P(Ay).
Now fix Ay € 0(Az) and repeat the argument with
W(A)=P(ANAy), V(A)=P(AP(Ay)
to show that, for all A; € o(A,y),
P(A; N Ay) =P(A)P(A,).
0

1.13. Borel-Cantelli lemmas. Given a sequence of events (A4, : n € N), we may
ask for the probability that infinitely many occur. Set

limsup A,, = ﬂ U A,,, liminf A, = U ﬂ A,

n m>n n m>n

We sometimes write {A,, infinitely often} as an alternative for limsup A,, because
w € limsup A,, if and only if w € A, for infinitely many n. Similarly, we write

{A,, eventually} for liminf A,,. The abbreviations i.0. and ev. are often used.
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Lemma 1.13.1 (First Borel-Cantelli lemma). If > P(A,) < oo, then P(4,, i.0.) =
0.

Proof. As n — oo we have

P(A, io.) <P( ) Am) <) P(4,) — 0.

m>n m>n

O
We note that this argument is valid whether or not P is a probability measure.

Lemma 1.13.2 (Second Borel-Cantelli lemma). Assume that the events (A, : n € N)
are independent. If 3 P(A,) = oo, then P(A, i.0.) = 1.

Proof. We use the inequality 1 —a < e~ The events (AS : n € N) are also indepen-
dent. Set a,, = P(4,,). For all n and for N > n with N — oo we have

N N N
P(()As) =[] (1 —am) <exp{=> an} —0.
Hence P((,,>, A45,) = 0 for all n, and so P(A4, i.0.) =1-P(U, N>, 4%) =1. O

2. MEASURABLE FUNCTIONS AND RANDOM VARIABLES

2.1. Measurable functions. Let (E, ) and (G, 9) be measurable spaces. A func-
tion f: E — G is measurable if f~'(A) € & whenever A € G. Here f~'(A) denotes
the inverse image of A by f

YA ={recE: flx)ec A

In the case (G,9) = (R, B) we simply call f a measurable function on E. In the
case (G, 9) = ([0, 00], B([0,0])) we call f a non-negative measurable function on E.
This terminology is convenient but it has the consequence that some non-negative
measurable functions are not (real-valued) measurable functions. If F is a topological
space and & = B(FE), then a measurable function on £ is called a Borel function.
For any function f : F — G, the inverse image preserves set operations

7 (Uz‘h) = Uffl(Ai)a FTHGNA) =E\ [1(A).

Therefore, the set {f~!(A) : A € G} is a o-algebraon E and {A C G : f~1(A) € &} is
a o-algebra on G. In particular, if § = o(A) and f~(A) € & whenever A € A, then
{A: f71(A) € &} is a o-algebra containing A and hence G, so f is measurable. In the
case G = R, the Borel o-algebra is generated by intervals of the form (—oo,y],y € R,
so, to show that f : E — R is Borel measurable, it suffices to show that {x € E :

f(x) <y} e & for all y.
11



If E is any topological space and f : E — R is continuous, then f~!(U) is open in
E and hence measurable, whenever U is open in R; the open sets U generate B, so
any continuous function is measurable.

For A C E, the indicator function 14 of A is the function 14, : £ — {0,1}
which takes the value 1 on A and 0 otherwise. Note that the indicator function of
any measurable set is a measurable function. Also, the composition of measurable
functions is measurable.

Given any family of functions f; : E — G, i € I, we can make them all measurable
by taking

E=o(fi'(A):Aec§,iel).
Then € is the o-algebra generated by (f; :i € I).

Proposition 2.1.1. Let (f, : n € N) be a sequence of non-negative measurable
functions on E. Then the functions fi + fo and fifa are measurable, and so are the
following functions:

inf f,, supf,, liminff,, limsup f,.
n n n n

The same conclusion holds for real-valued measurable functions provided the limit
functions are also real-valued.

Theorem 2.1.2 (Monotone class theorem). Let (F,E) be a measurable space and let
A be a w-system generating €. Let'V be a vector space of bounded functions f : E — R
such that:

(i) 1eVand 1y €V forall Ac A;
(ii) if fn €V for all n and f is bounded with 0 < f, 1 f, then f € V.

Then 'V contains every bounded measurable function.

Proof. Consider D = {A € € : 14 € V}. Then D is a d-system containing A, so
D = €. Since V is a vector space, it contains all finite linear combinations of indicator
functions of measurable sets. If f is a bounded and non-negative measurable function,
then the functions f, = 27"|2"f|,n € N, belong to V and 0 < f, T f, so f € V.
Finally, any bounded measurable function is the difference of two non-negative such
functions, hence in V. O

2.2. Image measures. Let (E,€) and (G, 9) be measurable spaces and let u be a
measure on €. Then any measurable function f : ' — G induces an image measure
v=po f~ton G, given by

v(A) = u(f(4)).

We shall construct some new measures from Lebesgue measure in this way.
Lemma 2.2.1. Let g : R — R be non-constant, right-continuous and non-decreasing.

Set g(£o00) = lim, 100 g(z) and write I = (g(—00),g(0)). Define f : I — R
12



by f(z) = inf{ly € R : x < g(y)}. Then [ is left-continuous and non-decreasing.
Moreover, for x € I andy € R,

f@)<y if and only if < g(y).

Proof. Fix x € I and consider the set J, = {y € R: 2 < ¢g(y)}. Note that J, is
non-empty and is not the whole of R. Since ¢ is non-decreasing, if y € J, and ¢y’ > v,
then ¢/ € J,. Since g is right-continuous, if y, € J, and vy, | y, then y € J,. Hence
J. = [f(x),00) and = < ¢(y) if and only if f(x) < y. For x < 2/, we have J, DO J,
and so f(z) < f(2'). For z, T x, we have J, = N,J,,, so f(z,) — f(z). So fis
left-continuous and non-decreasing, as claimed. 0

Theorem 2.2.2. Let g : R — R be non-constant, right-continuous and non-decreasing.
Then there exists a unique Radon measure dg on R such that, for all a,b € R with
a<b,

dg((a,b]) = g(b) — g(a).

Moreover, we obtain in this way all non-zero Radon measures on R.
The measure dg is called the Lebesgue-Stieltjes measure associated with g.

Proof. Define I and f as in the lemma and let p denote Lebesgue measure on I.
Then f is Borel measurable and the induced measure dg = po f~* on R satisfies

dg((a,b]) = p({z - f(x) > aand f(x) <b}) = p((g(a), g(0)]) = g(b) — g(a).

The argument used for uniqueness of Lebesgue measure shows that there is at most
one Borel measure with this property. Finally, if v is any Radon measure on R, we
can define g : R — R, right-continuous and non-decreasing, by

v((0,y]), ify>0,
9ly) = { _V«j’, o)), it <0

Then v((a,b]) = g(b) — g(a) whenever a < b, so v = dg by uniqueness. O

2.3. Random variables. Let (Q2,F,P) be a probability space and let (E, ) be a
measurable space. A measurable function X : 2 — FE' is called a random variable in
E. Tt has the interpretation of a quantity, or state, determined by chance. Where no
space F is mentioned, it is assumed that X takes values in R. The image measure
px = PoX!is called the law or distribution of X. For real-valued random variables,
px is uniquely determined by its values on the m-system of intervals ((—oo,z] : x €
R), given by
Fx(z) = px((—o0,2]) = P(X < ).
The function Fly is called the distribution function of X.
Note that F' = Fx is increasing and right-continuous, with
lim F(z)=0, lim F(z)=1.
T——00 Tr—00
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Let us call any function F' : R — [0, 1] satisfying these conditions a distribution
function.

Let Q@ = (0,1). Write J for the Borel o-algebra on € and P for the restriction
of Lebesgue measure to F. Then (2,F,P) is a probability space. Let F' be any
distribution function. Define X : 2 — R by

X(w)=inf{z:w < F(x)}.

Then, by Lemma 2.2.1, X is a random variable and X (w) < z if and only if w < F(x).
So
Fx(z) =P(X <z)=P((0, F(x)]) = F(x).
Thus every distribution function is the distribution function of a random variable.
A countable family of random variables (X; : i € I) is said to be independent if
the family of o-algebras (o(X;) : ¢ € I) is independent. For a sequence (X, : n € N)
of real valued random variables, this is equivalent to the condition

]P(Xl SIL‘l,...,XRSZEn):P(Xl SZL‘l)P(XnSZL‘n>

for all z1,...,x, € R and all n. A sequence of random variables (X, : n > 0) is often
regarded as a process evolving in time. The o-algebra generated by X, ..., X,

?n:O'(Xo,...,Xn)

contains those events depending (measurably) on Xy, ..., X,, and represents what is
known about the process by time n.

2.4. Rademacher functions. We continue with the particular choice of probabil-
ity space (2, F,P) made in the preceding section. Provided that we forbid infinite
sequences of 0’s, each w € () has a unique binary expansion

w = 0.wiwows . ...
Define random variables R,, : @ — {0,1} by R,(w) = w,. Then

Rl - 1(%71], R2 - 1(%7%] + 1(%,1], R3 == 1(%7%] ‘l’ 1(%7%] "‘ 1( } + 1(%71]

5 3
81
These are called the Rademacher functions. The random variables Ry, Rs,... are
independent and Bernoulli, that is to say

P(R,=0)=P(R,=1)=1/2.
The strong law of large numbers (proved in §10) applies here to show that

p({wem,l):H‘ff”:%:”'%1}):P(M%1):1.

n 2 n 2

This is called Borel’s normal number theorem: almost every point in (0,1) is normal,
that is, has ‘equal’ proportions of 0’s and 1’s in its binary expansion.

We now use a trick involving the Rademacher functions to construct on €2 =
(0,1), not just one random variable, but an infinite sequence of independent random

variables with given distribution functions.
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Proposition 2.4.1. Let (2, F,P) be the probability space of Lebesgue measure on the
Borel subsets of (0,1). Let (F,, : n € N) be a sequence of distribution functions. Then
there exists a sequence (X, : n € N) of independent random variables on (2, F,P)
such that X,, has distribution function Fx, = F, for all n.

Proof. Choose a bijection m : N> — N and set Yin = Rum(kn), Where Ry, is the mth
Rademacher function. Set
Vo= 27",
k=1

Then Y1, Ys, ... are independent and, for all n, for i27% = 0.y, . ..y, we have
P2 <Y, <(@+12"=PYin=v1, -, Yin=ur) =27"
so P(Y,, <x) =z for all z € [0,1]. Set
Gn(y) =inf{z :y < Fu(2)}
then, by Lemma 2.2.1, G,, is Borel and G,,(y) < x if and only if y < F,,(x). So, if we
set X,, = G,(Y,), then Xj, Xy, ... are independent random variables on €2 and
P(X, < z) = P(Gn(Yn) < 2) = P(Y, < Fy(z)) = Fal).

O

2.5. Convergence of measurable functions and random variables.

Let (E, &, u) be a measure space. A set A € € is sometimes defined by a property
shared by its elements. If u(A°) = 0, then we say that this property holds almost
everywhere (or a.e.). When (E, €, 1) is a probability space, we say instead that the
property holds almost surely (or a.s.). Thus, for a sequence of measurable functions
(fn:n € N), we say f, converges to f almost everywhere to mean that

p{z € E: fulz) # f(x)}) = 0.
If, on the other hand, we have that
w{x € E:|fu(z) — f(x)] >e}) =0, foralle>0,

then we say f, converges to f in measure or in probability when p(FE) = 1. For a
sequence (X, : n € N) of (real-valued) random variables there is a third notion of
convergence. We say that X,, converges to X in distribution if Fx, (x) — Fx(z) as
n — oo at all points x € R where Fx is continuous. Note that the last definition
does not require the random variables to be defined on the same probability space.

Theorem 2.5.1. Let (f, : n € N) be a sequence of measurable functions.
(a) Assume that u(E) < oo. If f,, = 0 a.e., then f, — 0 in measure.

(b) If f, — 0 in measure, then f, — 0 a.e. for some subsequence (ng).
15



Proof. (a) Suppose f, — 0 a.e.. For each ¢ > 0,

pllfal <€) 2 p (ﬂ {Ilfm] < €}> Tullful <€ ev) = p(fo = 0) = p(E).

m>n
Hence pu(|fn] > ¢) — 0 and f, — 0 in measure.

(b) Suppose f,, — 0 in measure, then we can find a subsequence (n;) such that

S bll il > 1/1) < oo,

So, by the first Borel-Cantelli lemma,

w(| fo,l >1/ki0.)=0
so fn, — 0 a.e.. O

Theorem 2.5.2. Let X and (X,, : n € N) be real-valued random variables.

(a) If X and (X,, : n € N) are defined on the same probability space (2, F,P) and
X, — X in probability, then X,, — X in distribution.

(b) If X;, — X in distribution, then there are random variables X and (X, : n € N)
defined on a common probability space (Q,F,P) such that X has the same distribution
as X, X,, has the same distribution as X,, for all n, and X,, — X almost surely.

Proof. Write S for the subset of R where Fx is continuous.

(a) Suppose X, — X in probability. Given z € S and £ > 0, there exists 6 > 0 such
that Fx(x —6) > Fx(x) —¢/2 and Fx(x 4+ 6) < Fx(x) + ¢/2. then there exists N
such that, for all n > N, we have P(|X,, — X| > J) < /2, which implies

Fx (2) <P(X <2 +08) + P(|X, — X| > 8) < Fx(x) +¢

and
Fx, (2) >P(X <2 —-0)—-P(|X,, — X| >9) > Fx(z) —e.

(b) Suppose now that X, — X in distribution. Take (2,F,P) to be the interval
(0,1) equipped with its Borel o-algebra and Lebesgue measure. Define for w € (0, 1)

X,(w)=inf{z eR:w < Fx, ()}, X(w)=inf{r € R:w < Fx(z)}.

Then X has the same distribution as X , and f(n has the same distribution as X, for all
n. Write € for the subset of (0, 1) where X is continuous. Since X is non-decreasing,
(0,1) \ g is countable, so P(£2y) = 1. Since Fy is non-decreasing, R\ S is countable,
so S is dense. Given w € Qg and € > 0, there exist z—, 2t € S with 2~ < X(w) <
and =t — 2~ < e, and there exists wt € (w,1) such that X(w®) < z*. Then
Fx(z7) <w and Fx(z7) > w' > w. So there exists N such that, for all n > N, we
have Fy, (z7) < w and Fy,(z*) > w, which implies X, (w) > z~ and X,(w) < =¥,
and hence | X, (w) — X (w)| < e. O
16



2.6. Tail events. Let (X, : n € N) be a sequence of random variables. Define

To = 0(Xng1, Xnga, ), T=(Tn:

Then T is a o-algebra, called the tail o-algebra of (X, : n € N). It contains the
events which depend only on the limiting behaviour of the sequence.

Theorem 2.6.1 (Kolmogorov’s zero-one law). Suppose that (X, : n € N) is a se-
quence of independent random variables. Then the tail o-algebra T of (X, : n € N)
contains only events of probability O or 1. Moreover, any T-measurable random vari-
able is almost surely constant.

Proof. Set F,, = 0(Xy,...,X,). Then &, is generated by the m-system of events
A={X; <zy,....,X, <z}
whereas T, is generated by the m-system of events
B=A{X11 <zpi1, -, Xk < Tpart, keN

We have P(ANB) = P(A)P(B) for all such A and B, by independence. Hence &,, and
T, are independent, by Theorem 1.12.1. It follows that &, and T are independent.
Now |J,, J,, is a m-system which generates the o-algebra F, = 0(X,, : n € N). So by
Theorem 1.12.1 again, F,, and T are independent. But T C F,. So, if A € T,

P(A) = P(AN A) = P(A)P(A)

so P(A) € {0,1}.
Finally, if Y is any T-measurable random variable, then Fy (y) = P(Y < y) takes
values in {0, 1}, so P(Y = ¢) = 1, where ¢ = inf{y : Fy(y) = 1}. O

2.7. Large values in sequences of independent identically distributed ran-
dom variables. Consider a sequence (X, : n € N) of independent random vari-
ables, all having the same distribution function F. Assume that F(z) < 1 for all
x € R. Then, almost surely, the sequence (X, : n € N) is unbounded above, so
lim sup,, X,, = co. A way to describe the occurrence of large values in the sequence
is to find a function g : N — (0, 00) such that, almost surely,

limsup X,,/g(n) = 1.

We now show that g(n) = logn is the right choice when F(z) =1 — e ®. The same
method adapts to other distributions.

Fix o > 0 and consider the event A, = {X,, > alogn}. Then P(A,) = e len =
n~?, so the series ) P(A,) converges if and only if « > 1. By the Borel-Cantelli
Lemmas, we deduce that, for all £ > 0,

P(X,/logn >11i0.) =1, P(X,/logn>1+c¢cio.)=0.
17



Hence, almost surely,
limsup X,,/logn = 1.

3. INTEGRATION

3.1. Definition of the integral and basic properties. Let (E, &, i) be a measure
space. We shall define for non-negative measurable functions f on E, and (under a
natural condition) for (real-valued) measurable functions f on F, the integral of f,

to be denoted
/ fp = / f(a

When (E,€) = (R, B) and p is Lebesgue measure, the usual notation is

:Aﬂ@m

For a random variable X on a probability space (€2, F, P), the integral is usually called
instead the expectation of X and written E(X).
A simple function is one of the form

f= Z agla,
k=1

where 0 < a; < oo and Ay, € € for all k£, and where m € N. For simple functions f,

we define
f) = Z api(Ar),
k=1

where we adopt the convention 0.co = 0. Although the representation of f is not
unique, it is straightforward to check that u(f) is well defined and, for simple func-
tions f, g and constants «, 5 > 0, we have

(a) plaf + Bg) = au(f) + Bulg),

(b) f<g implies u(f) < pu(g),

(¢) f=0ae. ifandonlyif pu(f)=0.

We define the integral p(f) of a non-negative measurable function f by
u(f) = sup{p(g) : g simple, g < f}.

This is consistent with the definition for simple functions by property (b) above. Note
that, for all non-negative measurable functions f, g with f < g, we have u(f) < u(g).
For any measurable function f, set f* = fv0and f~ = (—f)V0. Then f = f+—f~
and |f| = ft+ f~. If u(]f]) < oo, then we say that f is integrable and define

n(f) = p(f*) —u(f).
18



Note that |u(f)| < w(|f|) for all integrable functions f. We sometimes define the
integral p(f) by the same formula, even when f is not integrable, but when one of
p(f~) and p(f*) is finite. In such cases the integral takes the value co or —oo.
Here is the key result for the theory of integration. For x € [0, o0] and a sequence
(z,, :n € N) in [0, 00|, we write x, T = to mean that =, < x,.; for all n and z, — =

as n — oo. For a non-negative function f on E and a sequence of such functions
(fn:n €N), we write f,, T f to mean that f,(z) 1 f(x) for all z € E.

Theorem 3.1.1 (Monotone convergence). Let f be a non-negative measurable func-
tion and let (f, : n € N) be a sequence of such functions. Suppose that f, 1 f. Then

p(fn) T u(f).

Proof. Case 1: f, =14, f =14.

The result is a simple consequence of countable additivity.
Case 2: f, simple, f = 14.

Fix e > 0 and set A, = {f, >1—¢}. Then A, T A and

(1 - 5)]—An < fn < 1A
SO

(1= )l(A) < pulfa) < ulA).
But p(A,) 1T u(A) by Case 1 and £ > 0 was arbitrary, so the result follows.

Case 3: f, simple, f simple.
We can write f in the form

f= Z arla,
k=1

with a; > 0 for all k£ and the sets A disjoint. Then f,, 1 f implies

ap 1a, fo 7 1a,
so, by Case 2,

p(fn) = Z/L(IAkfn) T Z%M(Ak) = u(f).
k k
Case 4: f, simple, f > 0 measurable.
Let g be simple with ¢ < f. Then f, 1 f implies f,, A g T g so, by Case 3,
u(fn) = 1(fu N g) T u(g).

Since g was arbitrary, the result follows.
Case 5: f, > 0 measurable, f > 0 measurable.
Set g, = (272" f,]) A n then g, is simple and g, < f,, < f, so

1(gn) < pl(fn) < pu(f).

But f, T f forces g, 1 f, so p(gn) T 1u(f), by Case 4, and so p(fn) T pu(f). O
19



Second proof. Set M = sup,, u(f,,). We know that

p(fn) T M < p(f) = sup{u(g) : g simple , g < f}
so it will suffice to show that u(g) < M for all simple functions

g= ZaklAk </f
=1

Without loss of generality, we may assume that the sets A are disjoint. Define
functions g, by

(@) = (27"12"fa(2)]) A g(2), € E.
Then g, is simple and g, < f,, for all n. Fix ¢ € (0,1) and consider the sets
Ap(n) ={z € A : go(x) > (1 — €)ag}.
Now g, T g and g = a; on Ay, so Ax(n) T Ag, and so pu(Ax(n) 1 u(Ax) by countable
additivity. Also, we have
lAkgn Z (1 — e)aklAk(n)
SO
p(Lagn) 2 (1 = e)agp(Ag(n)).

gn = Z 1Akgn
k=1

and the integral is additive on simple functions, so

Finally, we have

#(ga) = 3 i(Lagga) 2 (1= ) 3 ara(A(n)) T (1 =€) S app(A) = (1 - )(g)

k=1

But 1(g,) < p(fn) < M for all n and € € (0, 1) is arbitrary, so we see that u(g) < M,
as required. 0

Theorem 3.1.2. For all non-negative measurable functions f,qg and all constants
a? /8 2 07

(a) plaf + Bg) = au(f) + Bulg),
(b) f<g dmplies p(f) < plg),
(¢) f=0ae ifandonlyif u(f)=0.
Proof. Define simple functions f,, g, by
fa=0@Q™2"f)An, g,=(27"|2"¢g]) An.
Then f, 1 f and g, T g, so af, + 59, T af + 8g. Hence, by monotone convergence,
p(fn) T ulf), wlgn) T ulg),  plafn+ Bgn) T ulef + Byg).
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We know that p(af, + Bgn) = au(fn) + Bu(gn), so we obtain (a) on letting n — oo.
As we noted above, (b) is obvious from the definition of the integral. If f = 0 a.e.,
then f,, = 0 a.e., for all n, so pu(f,) = 0 and p(f) = 0. On the other hand, if u(f) =0,
then p(f,) =0 for all n, so f, =0 a.e. and f =0 a.e.. O

Theorem 3.1.3. For all integrable functions f,g and all constants o, € R,
(a) plaf + Bg) = au(f) + Bulg),
(b) f<g mplies p(f) < p(g),
(¢) f=0ae implies u(f)
Proof. We note that u(—f) = —pu(f). For a > 0, we have

plof) = plaf™) = plaf7) = ap(f7) = ap(f~) = ap(f).
Ifh=f+gthen ht +f 4+g =h"+ ft+g",so0

p(h) + p(f7) + ulg™) = p(h™) + p(f7) + nlg™)

and so p(h) = p(f)+p(g). That proves (a). If f < g then u(g) —p(f) = n(g—f) =0,
by (a). Finally, if f =0 a.e., then f* =0 a.e., so u(f*) = 0 and so u(f) = 0. O

0.

Note that in Theorem 3.1.3(c) we lose the reverse implication. The following result
is sometimes useful:

Proposition 3.1.4. Let A be a w-system containing E and generating €. Then, for
any integrable function f,

w(fla) =0 for all A€ A implies f=0 a.e..
Here are some minor variants on the monotone convergence theorem.

Proposition 3.1.5. Let (f, : n € N) be a sequence of non-negative measurable
functions. Then

fot fae = u(fa) T u(f)

Proposition 3.1.6. Let (g, : n € N) be a sequence of non-negative measurable
functions. Then

> ulgn) = n (Z 9n> .

This reformulation of monotone convergence makes it clear that it is the coun-
terpart for the integration of functions of the countable additivity property of the

measure on sets.
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3.2. Integrals and limits. In the monotone convergence theorem, the hypothesis
that the given sequence of functions is non-decreasing is essential. In this section we
obtain some results on the integrals of limits of functions without such a hypothesis.

Lemma 3.2.1 (Fatou’s lemma). Let (f, : n € N) be a sequence of non-negative
measurable functions. Then

p(liminf f,) < liminf pu(f,).
Proof. For k > n, we have
Tgfn Jm < Jx
SO
plinf frn) < inf p(fi) < liminf p(fn).
But, as n — oo,
i o sup (5 ) =i 5,
so, by monotone convergence,
plinf frn) T p(liminf f,).
O

Theorem 3.2.2 (Dominated convergence). Let f be a measurable function and let
(fn : n € N) be a sequence of such functions. Suppose that f,(x) — f(x) for all
x € E and that | f,| < g for all n, for some integrable function g. Then f and f, are
integrable, for all n, and p(f,) — u(f).

Proof. The limit f is measurable and | f| < g, so u(|f]) < u(g) < oo, so f is integrable.
We have 0 < g+ f,, = g £ f so certainly liminf(g + f,) = g = f. By Fatou’s lemma,

u(g) + p(f) = p(iminf(g + f,)) < liminf u(g + fn) = p(g) + liminf p(fn),

p(g) — u(f) = plimint(g — f,)) < liminf (g — f)
Since p(g) < oo, we can deduce that

p(f) < lminf p(f,) < limsup p(f) < pu(f).
This proves that u(f,) — p(f) as n — oc. O

(
pi(g) — limsup pu(fy).

3.3. Transformations of integrals.

Proposition 3.3.1. Let (E, &, u) be a measure space and let A € €. Then the set
Ea of measurable subsets of A is a o-algebra and the restriction s of o to €4 is a
measure. Moreover, for any non-negative measurable function f on E, we have

p(f1a) ZQMA(f|A)-
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In the case of Lebesgue measure on R, we write, for any interval I with inf I = a

and sup I = b,
b
/Rfll(x)dx—/lf(x)d:c—/a f(x)dzx.

Note that the sets {a} and {b} have measure zero, so we do not need to specify
whether they are included in I or not.

Proposition 3.3.2. Let (E,&) and (G,S9) be measure spaces and let f : E — G be
a measurable function. Given a measure p on (E, &), define v = po f~1, the image
measure on (G,G). Then, for all non-negative measurable functions g on G,

v(g) = u(go f).

In particular, for a G-valued random variable X on a probability space (Q, F,P),
for any non-negative measurable function g on G, we have

E(g(X)) = px(g)-

Proposition 3.3.3. Let (E,&, 1) be a measure space and let f be a non-negative
measurable function on E. Define v(A) = u(fla), A € €. Then v is a measure on E
and, for all non-negative measurable functions g on F,

v(g) = u(fg)-

In particular, to each non-negative Borel function f on R, there corresponds a
Borel measure p on R given by p(A) = [, f(z)dz. Then, for all non-negative Borel
functions g,

uo) = [ gla)fia)da.

We say that p has density f (with respect to Lebesque measure).
If the law px of a real-valued random variable X has a density fx, then we call fx

a density function for X. Then P(X € A) = [, fx(x)dz, for all Borel sets A, and,
for for all non-negative Borel functions g on R,

E(g(X)) = ux(g) = / o) fx (x)dz.

3.4. Fundamental theorem of calculus. We show that integration with respect
to Lebesgue measure on R acts as an inverse to differentiation. Since we restrict here
to the integration of continuous functions, the proof is the same as for the Riemann
integral.

Theorem 3.4.1 (Fundamental theorem of calculus).

(a) Let f :[a,b] — R be a continuous function and set

Fa(t):/ f(z)dz.
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Then F, is differentiable on |a,b], with F, = f.
(b) Let F : [a,b] — R be differentiable with continuous derivative f. Then

b
/ f(x)dx = F(b) — F(a).
Proof. Fix t € [a,b). Given € > 0, there exists § > 0 such that |f(z) — f(t)| < ¢
whenever |z —t| < §. So, for 0 < h <6,

‘Fa(t+h})L—Fa(t) _f(t)‘ :% /t (f(z) — f(1))da

1 [t+h o [tth

<i [ ls@-sonss [a—-
h J, h J,

Hence F, is differentiable on the right at ¢ with derivative f(¢). Similarly, for all ¢ €

(a,b], F, is differentiable on the left at ¢ with derivative f(¢). Finally, (F—F,)(t) =0
for all ¢ € (a,b) so F' — F, is constant (by the mean value theorem), and so

F(b) - F(a) = Fa(b) — Fala) = / f(x)d.

0

Proposition 3.4.2. Let ¢ : [a,b] — R be continuously differentiable and strictly
increasing. Then, for all non-negative Borel functions g on [¢(a), ¢(b)],

b(b) b
| sty = [ gto@)a)ds
¢(a) a

The proposition can be proved as follows. First, the case where ¢ is the indicator
function of an interval follows from the Fundamental Theorem of Calculus. Next,
show that the set of Borel sets B such that the conclusion holds for ¢ = 15 is a
d-system, which must then be the whole Borel o-algebra by Dynkin’s lemma. The
identity extends to simple functions by linearity and then to all non-negative mea-
surable functions g by monotone convergence, using approximating simple functions
(27"[27]) An.

A general formulation of this procedure, which is often used, is given in the mono-
tone class theorem Theorem 2.1.2.

3.5. Differentiation under the integral sign. Integration in one variable and
differentiation in another can be interchanged subject to some regularity conditions.

Theorem 3.5.1 (Differentiation under the integral sign). Let U C R be open and
suppose that f : U x E — R satisfies:
(i) x — f(t,x) is integrable for allt,

(i) t — f(t,x) is differentiable for all x,
24



(iii) for some integrable function g, for allx € E and all t € U,

af

—— (7 <
Then the function x — (0f/0t)(t,x) is integrable for all t. Moreover, the function
F:U — R, defined by

g(z).

mwzéjm@mw»

%ﬂwaé%wmwm

15 differentiable and

Proof. Take any sequence h,, — 0 and set

_ fthe,x)— f(t,x) Of
gn(T) = ) —5ﬂt@~

Then g,(z) — 0 for all z € E and, by the mean value theorem, |g,| < 2g for all
n. In particular, for all ¢, the function = +— (9f/0t)(t,x) is the limit of measur-
able functions, hence measurable, and hence integrable, by (iii).Then, by dominated
convergence,

F(t+ h,) — F(t) of
B _l;%

(ta)n(ds) = [ gula)udz) 0.

E

O

3.6. Product measure and Fubini’s theorem. Let (F1, &y, p1) and (Es, o, 2)
be finite measure spaces. The set

A={A1 x Ay : A; € &1, Ay € &y}
is a mw-system of subsets of F = E; x F,. Define the product o-algebra
E1®E =0(A).
Set € =& ® E,.

Lemma 3.6.1. Let f: E — R be E-measurable. Then, for all x1 € Ey, the function
xo > f(x1,22) : By — R is Eo-measurable.

Proof. Denote by 'V the set of bounded E-measurable functions for which the conclu-
sion holds. Then V is a vector space, containing the indicator function 14 of every
set A € A. Moreover, if f, € V for all n and if f is bounded with 0 < f,, 1 f, then
also f € V. So, by the monotone class theorem, V contains all bounded €-measurable

functions. The rest is easy. ([l
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Lemma 3.6.2. Let f be a bounded or non-negative measurable function on E. Define
for xzy € Fy

filz) = | fz1, 2) pa(ds).
Es
If f is bounded then f,: E1 — R is a bounded E,-measurable function. On the other
hand, if f is non-negative, then f1 : Ey — [0, 00| is also an € -measurable function.

Proof. Apply the monotone class theorem, as in the preceding lemma. Note that
finiteness of ps is needed for the boundedness of f; when f is bounded. O

Theorem 3.6.3 (Product measure). There exists a unique measure j1 = ji1 & i 0N
€ such that

(A1 x Az) = pa (A1) pa(Az)
for all Ay € & and Ay € &,.

Proof. Uniqueness holds because A is a m-system generating €. For existence, by the
lemmas, we can define

ue = [ (f | Lo apaldes) ) i)

and use monotone convergence to see that p is countably additive. 0

Propqsition 3.6.4. Let & = Eo®Ey and i = o @ fi1.- For a function f on Ey x Ej,
write f for the function on Ey X Ey given by f(x2,x1) = f(x1,22). Let f be a non-

negative &-measurable function. Then f s a non-negative E-measurable function and
i(f) = p(f)-
Theorem 3.6.5 (Fubini’s theorem).

(a) Let f be a non-negative E-measurable function. Then
= [ ([ oty midn).
B \JE,

(b) Let f be a p-integrable function. Define

Ay ={r € Ey: |f (21, 22)|p2(des) < 00}
Eo

and define f; : By — R by

filz) = [ f(x1, 29) pa(drs)

Es
for zy € Ay and fi(x1) = 0 otherwise. Then uy(E7\ A1) =0 and fy is pp-integrable

with p1(f1) = p(f).
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Note that the iterated integral in (a) is well defined, for all bounded or non-negative
measurable functions f, by Lemmas 3.6.1 and 3.6.2. Note also that, in combination
with Proposition 3.6.4, Fubini’s theorem allows us to interchange the order of inte-
gration in multiple integrals,whenever the integrand is non-negative or p-integrable.

Proof. The conclusion of (a) holds for f = 14 with A € £ by definition of the product
measure . It extends to simple functions on F by linearity of the integrals. For f
non-negative measurable, consider the sequence of simple functions f, = (27"[2"f|)A
n. Then (a) holds for f, and f, T f. By monotone convergence p(f,) T u(f) and,
for all 1 € Fy,

fa(w1, m2)po(dwe) T | f(21, 22) po(ds)

E2 E2
and hence

/E1 < B fn(xl’xQ)MQ(dx2)> pa(das) T s ( EQf(Jflaxz)Mz(dlfz)) pia (dzy).

Hence (a) extends to f.
Suppose now that f is p-integrable. By Lemma 3.6.2, the function

zy = | [f(21, 22)|p2(der) : By — [0, 0]
Es

is €1-measurable, and it is then integrable because, using (a),

Ll ( o <x1’x2>’ﬂ2<dwz>) in(der) = (1) < oo.

Hence A; € &1 and u1(F; \ A1) = 0. We see also that f; is well defined and, if we set
@) = | (1, 22)pa(das)
Es

then f; = (f1(+) — fl(_))lAl. Finally, by part (a),
w(f) = plf5) = n(f) = mUA) = () = )

as required. O

The existence of product measure and Fubini’s theorem extend easily to o-finite
measure spaces. The operation of taking the product of two measure spaces is as-
sociative, by a m-system uniqueness argument. So we can, by induction, take the
product of a finite number, without specifying the order. The measure obtained by
taking the n-fold product of Lebesgue measure on R is called Lebesque measure on
R™. The corresponding integral is written

f(z)dx.
R
27



3.7. Laws of independent random variables. Recall that a family X;,..., X,
of random variables on (€2, ¥, P) is said to be independent if the family of o-algebras
o(Xy),...,0(X,) is independent.

Proposition 3.7.1. Let Xy, ..., X,, be random variables on (Q, F,P), with values in
(E1,&81),...,(En, &) say. Set E=FEyx---XE, and & = & ®---®E,. Consider the
function X : Q — E given by X (w) = (X1 (w), ..., Xn(w)). Then X is E-measurable.
Moreover, the following are equivalent:

(a) Xy,..., X, are independent;
(b) Hx = px;, @ Q Ux,;

(¢) for all bounded measurable functions fi,..., f, we have

E (H fk(Xk)> = HE(fk(Xk)>

Proof. Set v = pix, ® -+ ® px,. Consider the m-system A = {[[}_, Ax : Ay € &} If
(a) holds, then for all A € A we have

px(A) =P(X € A) = P(Nf_ { X, € A}) = [[P(Xi € A) = HMXk (Ar) = v(4)

and since A generates € this implies that 4 = v on €, so (b) holds. If (b) holds, then
by Fubini’s theorem

E (H fk(Xk)> = / ka i) pix,, (dy) = / Selwp)px, (dry) = HE fu(Xk))
k=1

o (c) holds. Finally (a) follows from (c) by taking fr =14, with Ay € E. O

4. NORMS AND INEQUALITIES

4.1. LP-norms. Let (E,&, ) be a measure space. For 1 < p < oo, we denote by
LP = LP(E, &, ) the set of measurable functions f with finite LP-norm:

1/p
1l = ( /E |f|pdu) < .

We denote by L>® = L>®(E, &, u) the set of measurable functions f with finite L*>°-
norm:

| flloo = inf{X: |f| < X a.e.}.

Note that || f]|, < u(E)Y?||f|le for all 1 < p < co. For 1 < p < oo and f,, f € L2,

we say that f,, converges to f in L? if || f, — f|l, — O.
28



4.2. Chebyshev’s inequality. Let f be a non-negative measurable function and
let A > 0. We use the notation {f > A} for the set {x € E': f(x) > A}. Note that

M=y < f
so on integrating we obtain Chebyshev’s inequality

A(f > X) < p(f).

Now let g be any measurable function. We can deduce inequalities for g by choosing
some non-negative measurable function ¢ and applying Chebyshev’s inequality to
f = ¢og. For example, if g € LP,p < oo and A > 0, then

u(lgl = A) = p(lgl’ = A7) < APu(|gl?) < oo.
So we obtain the tail estimate

u(lgl = A) = O(A7), as A — .

4.3. Jensen’s inequality. Let I C R be an interval. A function ¢ : I — R is convez
if, for all z,y € I and t € [0, 1],

c(tr 4+ (1 —t)y) < te(x) + (1 —t)c(y).

Lemma 4.3.1. Let ¢ : I — R be convex and let m be a point in the interior of I.
Then there ezist a,b € R such c(x) > ax + b for all x, with equality at x = m.

Proof. By convexity, for m,xz,y € I with x < m < y, we have

< ) —em).
m—x y—m

c(m) — c(z)

So, fixing an interior point m, there exists a € R such that, for all z < m and all
y>m

clm) —ela) _ _ ely) ~clm)
m—-x y—m
Then ¢(x) > a(x —m) + c¢(m), for all x € I. O

Theorem 4.3.2 (Jensen’s inequality). Let X be an integrable random variable with
values in I and let ¢ : I — R be convex. Then E(c(X)) is well defined and

E(c(X)) 2 c(E(X)).

Proof. The case where X is almost surely constant is easy. We exclude it. Then
m = E(X) must lie in the interior of I. Choose a,b € R as in the lemma. Then
c¢(X) > aX +b. In particular E(c(X)7) < |a|E(]X]) + |b] < o0, so E(¢(X)) is well
defined. Moreover

E(c(X)) > aE(X) +b=am+b=c(m) = ¢(E(X)).
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We deduce from Jensen’s inequality the monotonicity of LP-norms with respect to
a probability measure. Let 1 < p < ¢ < 0o. Set ¢(x) = |x|¥/?, then ¢ is convex on R.
So, for any X € LP(P),

X1, = (EIX[P)'? = (X)) < (Ee(|X[P)" = (EX|)Y = | X]],.
In particular, LP(P) D LI(P).

4.4. Holder’s inequality and Minkowski’s inequality. For p,q € [1, o], we say
that p and ¢ are conjugate indices if

1 1
S+ =1
P q

Theorem 4.4.1 (Holder’s inequality). Let p,q € (1,00) be conjugate indices. Then,
for all measurable functions f and g, we have

udlfal) < [1fllpllgllq-

Proof. The cases where ||f|l, = 0 or ||f||, = oo are obvious. We exclude them.
Then, by multiplying f by an appropriate constant, we are reduced to the case where
|| fll, = 1. So we can define a probability measure P on &€ by

P(A) = [ IfPd
For measurable functions X > 0,
E(X) = p(X|fI), E(X)<E(X9)Y.
Note that g(p — 1) = p. Then

u(lfgl) = n <‘f’ﬁ9’1 1{|f>0}|f|p) =E (U‘,%l{ﬂw})

gl v y
<E (W_pl)lwo}) < (gl = £l

O

Theorem 4.4.2 (Minkowski’s inequality). For p € [1,00) and measurable functions
f and g, we have

LF+glly < 171l + llgllp-

Proof. The cases where p = 1 or where || f||, = oo or ||g||, = oo are easy. We exclude
them. Then, since |f + g|P < 2P(|f|P + |g|?), we have

pllf +9l”) < 22{u((f17) + ullgl")} < oo
The case where || f + g||, = 0 is clear, so let us assume ||f + g||, > 0. Observe that

1F+ gl g = nlf + g|P VDY = (I f + ) =7
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So, by Holder’s inequality,

p(lf +gP) < I+ gl + ullgllf + g
< (£ + gl + glP =g
The result follows on dividing both sides by ||| f + g[P~*|,- O

4.5. Approximation in L”.

Theorem 4.5.1. Let A be a m-system on E generating &, with u(A) < oo for all
A € A, and such that E, T E for some sequence (E, :n € N) in A. Define

Vo= {Za’klAk car €R AL €A N GN}.

k=1
Let p € [1,00). Then Vo C LP. Moreover, for all f € LP and all € > 0 there exists
v e Vy such that ||v — f, <e.

Proof. For all A € A, we have |14, = u(A)Y? < o0, so 14 € LP. Hence V, C LP
because L is a vector space.

Write V' for the set of all f € LP for which the conclusion holds. By Minkowski’s
inequality, V' is a vector space. Consider for now the case F € A and define D =
{Aeé:14,€V} Then A C Dso E € D. For A,B € D with A C B, we
have 1p\a = 1p — 14 € V,s0 B\ A € D. For A, € D with A, 1 A, we have
114 —1a,ll, = (A\ A,)YP = 0,50 A € D. Hence D is a d-system and so D = € by
Dynkin’s Lemma. Since V' is a vector space it then contains all simple functions. For
f € L? with f > 0, consider the sequence of simple functions f,, = (272" f|)An 1 f.
Then, |f|? > |f — fa|? — 0 pointwise so, by dominated convergence, || f — f.|l, — 0.
Hence f € V. Hence, as a vector space, V = LP.

Returning to the general case, we now know that, for all f € LP and all n € N, we
have flg, € V. But |f|? > |f — f1g,|? — 0 pointwise so, by dominated convergence,
\f — flg,|l, = 0, and so f € V. O

5. COMPLETENESS OF LP AND ORTHOGONAL PROJECTION

5.1. LP as a Banach space. Let V' be a vector space. A map v — |[v|| : V — [0, 00)
is a norm if
(i) ||lu+ | < ||ul| + ||v] for all u,v € V,
(ii) ||av|| = |a|||v]| for all v € V and « € R,
(ili) |jv]| = 0 implies v = 0.
We note that, for any norm, if ||v, — v|| = 0 then ||v,|| — ||v]].

A symmetric bilinear map (u,v) — (u,v) : V. x V — R is an inner product
if (v,v) > 0, with equality only if v = 0. For any inner product, (.,.), the map
v = 4/ (v,v) is a norm, by the Cauchy—Schwarz inequality.
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Minkowski’s inequality shows that each L? space is a vector space and that the
LP-norms satisfy condition (i) above. Condition (ii) also holds. Condition (iii) fails,
because ||f||, = 0 does not imply that f = 0, only that f = 0 a.e.. For f,g € L?,
write f ~ g if f = g almost everywhere. Then ~ is an equivalence relation. Write
[f] for the equivalence class of f and define

Lr={lf]: felr}.

Note that, for f € L% we have ||f||3 = (f, f), where (.,.) is the symmetric bilinear
form on L? given by

umzémm

Thus £? is an inner product space. The notion of convergence in L? defined in §4.1
is the usual notion of convergence in a normed space.

A normed vector space V is complete if every Cauchy sequence in V' converges,
that is to say, given any sequence (v, : n € N) in V such that ||v, — v,] — 0 as
n,m — 00, there exists v € V such that ||v, —v|| — 0 as n — co. A complete normed
vector space is called a Banach space. A complete inner product space is called a
Hilbert space. Such spaces have many useful properties, which makes the following
result important.

Theorem 5.1.1 (Completeness of LP). Letp € [1,00]. Let (f, : n € N) be a sequence
in LP such that

N fo = fmllp = 0 asn,m — oco.
Then there exists f € LP such that

|fo— fll, >0 asn— .

Proof. Some modifications of the following argument are necessary in the case p = oo,
which are left as an exercise. We assume from now on that p < oco. Choose a
subsequence (ny) such that

(e}
S = Z ank+1 - fnka < o0.
k=1
By Minkowski’s inequality, for any K € N,

K
H Z ‘fnkJrl B fnk’HP < 5.
k=1

By monotone convergence this bound holds also for K = oo, so

00
Z’f”k+1 _fnk| < 00 a.e.
k=1
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Hence, by completeness of R, f,,, converges a.e.. We define a measurable function f
by
fla) = {lim fn,(x) if the li'mit exists,
0 otherwise.
Given € > 0, we can find N so that n > N implies

w(|fo — fl?) <e, forall m>n,

in particular u(|f, — fn,|P) < € for all sufficiently large k. Hence, by Fatou’s lemma,
forn > N,

(1= F7) = piming o — fu ) < liminf (| — fo ) < <.

Hence f € LP and, since ¢ > 0 was arbitrary, || f,, — f||, — 0. O
Corollary 5.1.2. We have

(a) LP is a Banach space, for all 1 < p < oo,

(b) £2 is a Hilbert space.

5.2. £? as a Hilbert space. We shall apply some general Hilbert space arguments
to L2. First, we note Pythagoras’ rule

1f +gllz = l1£115 + 2(£, 9) + llgll3

and the parallelogram law

1f + gllz + 11f = gllz = 201 F112 + llgll2).

If (f,g) = 0, then we say that f and g are orthogonal. For any subset V C L?, we
define

Vi {f eI {fu) =0 forall v eV}

A subset V C L? is closed if, for every sequence (f, : n € N) in V, with f, — f in
L?, we have f = v a.e., for some v € V.

Theorem 5.2.1 (Orthogonal projection). Let V' be a closed subspace of L*. Then
each f € L? has a decomposition f = v +u, withv € V and u € V+. Moreover,
If=vlla < |If = gllz for all g € V', with equality only if g = v a.e..

The function v is called (a version of ) the orthogonal projection of f on V.
Proof. Choose a sequence g, € V' such that

1f = gnlla = d(f, V) = mnf{[[f —gll2: g € V}.
By the parallelogram law,

12(f = (gn + 9m) /2112 + llgn — gggllg =2(Ilf = gall2 + I1f = gmll2)-



But ||12(f — (gn+9m)/2)||5 = 4d(f,V)?, so we must have ||g, —gm|l2 — 0 as n, m — oo.
By completeness, ||g, — g|l2 — 0, for some g € L?. By closure, g = v a.e., for some
v € V. Hence

I = vlle = Hm |[f = galla = d(f, V).
Now, for any h € V and t € R, we have
d(f, V) < |If = (v +th)l3 = d(f,V)? = 2t(f — v, h) + || ]5.
So we must have (f —v,h) = 0. Hence u = f —v € V*, as required. O

5.3. Variance, covariance and conditional expectation. In this section we look
at some L? notions relevant to probability. For X,Y € L?*(PP), with means myx =
E(X),my = E(Y), we define variance, covariance and correlation by

var(X) = E[(X — my ),
cov(X,Y) = B[(X — mx)(Y —my)],
corr(X,Y) = cov(X,Y)/y/var(X) var(Y).
Note that var(X) = 0 if and only if X = mx a.s.. Note also that, if X and Y are

independent, then cov(X,Y) = 0. The converse is generally false. For a random
variable X = (Xi,...,X,) in R", we define its covariance matriz

var(X) = (cov(X;, X;))

ij=1°

Proposition 5.3.1. Every covariance matriz is non-negative definite.

Suppose now we are given a countable family of disjoint events (G; : i € I), whose
union is Q. Set § = o(G; : i € I). Let X be an integrable random variable. The
conditional expectation of X given G is given by

Y =) E(X|Gi)lg,,

where we set E(X|G;) = E(X1g,)/P(G;) when P(G;) > 0, and define E(X|G;) in
some arbitrary way when P(G;) = 0. Set V = L?(G,P) and note that Y € V. Then
V is a subspace of L*(F,P), and V is complete and therefore closed.

Proposition 5.3.2. If X € L?, then'Y is a version of the orthogonal projection of
X onV.

6. CONVERGENCE IN L!(P)

6.1. Bounded convergence. We begin with a basic, but easy to use, condition for
convergence in L'(P).

Theorem 6.1.1 (Bounded convergence). Let (X, : n € N) be a sequence of random
variables, with X,, — X in probability and |X,| < C for all n, for some constant

C <oo. Then X,, = X in L.
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Proof. By Theorem 2.5.1, X is the almost sure limit of a subsequence, so |X| < C
a.s.. For € > 0, there exists N such that n > N implies

P(| X, — X| >¢/2) <¢e/(40).

Then
E|X, —X| = E(| X, — X|11x,-x|>¢/2) +E(| X0 — X|1|x,—x|<c/2) < 2C(e/4C)+¢/2 = €.
O

6.2. Uniform integrability.
Lemma 6.2.1. Let X be an integrable random variable and set

Ix(0) =sup{E(|X|14) : A€ F,P(A) <4}.
Then Ix(0) 0 asd | 0.
Proof. Suppose not. Then, for some € > 0, there exist 4, € F, with P(4,,) < 27"
and E(|X|14,) > € for all n. By the first Borel-Cantelli lemma, P(A,, i.0.) = 0. But
then, by dominated convergence,

e <E(|X[1y,.., a.) = E(IX[1{a, i0}) =0
which is a contradiction. U

Let X be a family of random variables. For 1 < p < oo, we say that X is bounded
in LP if supyeq || X||p < 00. Let us define

In(6) =sup{E(|X|14) : X € X, A € F,P(A) < d}.
Obviously, X is bounded in L' if and only if Iy(1) < co. We say that X is uniformly
integrable or UI if X is bounded in L' and
Ix(6) L 0, asd 0.
Note that, by Holder’s inequality, for conjugate indices p,q € (1, 00),
E(IX|La) < | X[|,(P(A)Y<.

Hence, if X is bounded in L, for some p € (1,00), then X is Ul. The sequence
X, = nlq,/n) is bounded in L' for Lebesgue measure on (0,1), but not uniformly
integrable.

Lemma 6.2.1 shows that any single integrable random variable is uniformly inte-
grable. This extends easily to any finite collection of integrable random variables.
Moreover, for any integrable random variable Y| the set

X ={X : X arandom variable, | X| <Y}

is uniformly integrable, because E(| X|14) < E(Y1,4) for all A.

The following result gives an alternative characterization of uniform integrability.
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Lemma 6.2.2. Let X be a family of random variables. Then X is Ul if and only if
sup{E(| X1 |xzx) : X € X} =0, as K — oo.

Proof. Suppose X is UI. Given € > 0, choose § > 0 so that Ix(J) < e, then choose
K < oo so that Ix(1) < K4. Then, for X € X and A = {|X| > K}, we have
P(A) < §so E(|X|14) < €. Hence, as K — oo,

sup{E(|X|1jx>x) : X € X} — 0.
On the other hand, if this condition holds, then, since
E(X]) < K+ E(X[1x32k),

we have Iy(1) < co. Given € > 0, choose K < oo so that E(|X|1x>x) < €/2 for
all X € X. Then choose 6 > 0 so that K§ < ¢/2. For all X € X and A € F with
P(A) < §, we have

E(|X|14) < E(IX[Lxsx) + KB(A) < e,
Hence X is U1. 0
Here is the definitive result on L!'-convergence of random variables.

Theorem 6.2.3. Let X be a random variable and let (X, : n € N) be a sequence of
random variables. The following are equivalent:

(a) X,, € L' for alln, X € L' and X,, — X in L,

(b) {X,, :n €N} is Ul and X,, — X in probability.

Proof. Suppose (a) holds. By Chebyshev’s inequality, for € > 0,
P(|X, — X|>¢) <e'E(|X, - X|) =0

so X, — X in probability. Moreover, given € > 0, there exists N such that E(|X,, —
X|) < £/2 whenever n > N. Then we can find § > 0 so that P(A) < ¢ implies

E(|X|14) <e/2, E(|X,|14) <e, n=1,...,N.
Then, for n > N and P(A) <,
E(|X,]14) <E(|X, — X|) + E(|X|14) <e.
Hence {X,, : n € N} is UL. We have shown that (a) implies (b).

Suppose, on the other hand, that (b) holds. Then there is a subsequence (ny) such
that X,, — X a.s.. So, by Fatou’s lemma, E(|X|) < liminf, E(|X,,|) < co. Now,
given € > 0, there exists K < oo such that, for all n,

E(|Xnllix,2x) </3, E(X[1x3>x) <e/3.
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Consider the uniformly bounded sequence XX = (=K)V X, A K and set XX =
(-K)V X AK. Then XX — X% in probability, so, by bounded convergence, there
exists N such that, for all n > N,

E|XE - XK <¢/3.
But then, for all n > N,
E|X, — X| < E(|Xu[lx,1>x) + EIX; = X5+ E(X[Lx32x) <&

Since € > 0 was arbitrary, we have shown that (b) implies (a). O

7. FOURIER TRANSFORMS

7.1. Definitions. In this section (only), for p € [1,00), we will write LP = LP(R?)
for the set of complez-valued Borel measurable functions on R? such that

o= ([ 1) <oo

The Fourier transform f of a function f € LY(R?) is defined by
fw) = [ fx)e™de, ueRL
R4

Here, (.,.) denotes the usual inner product on R Note that |f(u)| < || f||1 and, by
the dominated convergence theorem, f(u,) — f(u) whenever u, — u. Thus f is a
continuous bounded (complex-valued) function on R

For f € LY(R%) with f € L*(R?), we say that the Fourier inversion formula holds
for f if

T) = . Flu)e 8o dy
@) = o5z [, e

for almost all x € R%. For f € L' N L*(RY), we say that the Plancherel identity holds
for f if

1112 = (2m) 2| £]l2-
The main results of this section establish that, for all f € L*(R9), the inversion

formula holds whenever f € L'(R?) and the Plancherel identity holds whenever
f e L*(RY).
The Fourier transform ji of a finite Borel measure 1 on R? is defined by

f(w) :/ ey (dr), u e RY
Rd

Then /i is a continuous function on R? with |f(u)| < u(R?) for all u. The definitions

are consistent in that, if x4 has density f with respect to Lebesgue measure, then
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= f . The characteristic function ¢x of a random variable X in R is the Fourier
tranform of its law px. Thus

dx(u) = fix(u) = E(eX)), u e R4

7.2. Convolutions. For p € [1,00) and f € LP(R?) and for a probability measure v
on R?, we define the convolution f*v € LP(R?) by

fruv(r)= » [z —y)v(dy)

whenever the integral exists, setting f * v(z) = 0 otherwise. By Jensen’s inequality
and Fubini’s theorem,

/Rd ( y |f(x — y)|1/(dy)>pdx < /Rd 9 f(x — y)Pr(dy)de
= /]Rd o |f(x —y)Pdav(dy) = /Rd /Rd |F(@)Pdav(dy) = || f]]7 < oo.

Hence, the integral defining the convolution exists for almost all z, and then

P 1/p
I evl=( [, &) <1l

In the case where v has a density function g, then we write f % g for f * v.

For probability measures u,v on R? we define the convolution i * v to be the
distribution of X + Y for independent random variables X,Y having distributions
u,v. Thus

g flz —y)v(dy)

P :/Rd L@+ puldoldy), AeB.

Note that, if © has density function f, then by Fubini’s theorem
pevd) = [ Lata ) fapdovidy)
R JRd
— [ [ u@ie - ndovtdy) = [ 1a@)s vl
Rd JRd Rd

so i * v has density function f * v.

It is easy to check using Fubini’s theorem that m(u) = f(w)i(u) for all f e
L'(R%) and all probability measures v on R%. Similarly, we have

e v(u) = E(eX) = E(eNE( ) = f(u)p(u).
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7.3. Gaussians. Consider for ¢t € (0,00) the centred Gaussian probability density
function g; on R? of variance t, given by

1 2
_ —[2]2/(2t)
gt( >_ (27Tt>d/26 :

The Fourier transform ¢; may be identified as follows. Let Z be a standard one-
dimensional normal random variable. Since Z is integrable, by Theorem 3.5.1, the
characteristic function ¢ is differentiable and we can differentiate under the integral
sign to obtain

plu) = E(Ze) = o= [ e

where we integrated by parts for the last equality. Hence

d

(e 5(u) = 0

z(u) = ¢z(0)e /2 = e/,
Consider now d independent standard normal random variables Z1, ..., Z; and set
Z =(Zy,...,Z4). Then /tZ has density function g,. So

d d
ﬁt(u) = ]E<€Z<u,\/ZZ>> — E <H ei’“j\/iZj) — H¢Z<Uj\/]_f) _ €7|u|2t/2_
Jj=1 j=1

Hence g, = (2m)¥?*t~4/%g, ;; and g1 = (2m)%g,. Then

gi(x) = gi(—z) = (2m) 4y (—2) = !

so the Fourier inversion formula holds for g;.

re " 2dy = —upz(u)

SO

7.4. Gaussian convolutions. By a Gaussian convolution we mean any convolution
[ *g; of a function f € L'(R?) with a Gaussian g; and with ¢ € (0, 00). We note that
f * g¢ is a continuous function and that

1F * gelli < UUFlls 1 * gelloo < (2m) 272 £

Also f/*\gt(u) = f(u)g(u) and we know §; explicitly, so

1F* gelly < @m)2 2 f Il 1 * gilloe < (1F Il

A straightforward calculation (using the parallelogram identity in RY) shows that
gs * gs = gas for all s € (0,00). Then, for any probability measure p on R¢ and any
t =2s € (0,00), we have j1* g, € L*(R?) and hence p* g; = pux (gs* gs) = (* gs) * gs
is a Gaussian convolution.

Lemma 7.4.1. The Fourier inversion formula holds for all Gaussian convolutions.
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Proof. Let f € L*(RY) and let t > 0. We use the Fourier inversion formula for g; and
Fubini’s theorem to see that

(2m)f % gu(x) = (2 / £ — )gu(y)dy
]Rd
= / F(@ — )3 (w)e P dudy
RIx R4
= [ S et g e dudy
R4 x R4

= | J@a(w)e " du = / F gu(w)e ") du,
0J
Lemma 7.4.2. Let f € LP(R?) with p € [1,00). Then || f * g, — fll, = 0 ast — 0.

Proof. Given £ > 0, there exists a continuous function h of compact support such
that || — All, < &/3. Then [[f x g — h glly = I(f — ) % qully < |1f — hll, < £/3. Set

e(y) = y h(x —y) = h(x)[Pd.

Then e(y) < 27||h||? for all y and e(y) — 0 as y — 0 by dominated convergence. By
Jensen’s inequality and then bounded convergence,

g =nlg = [ | [ (e =) = b))y
< [ [ Ine =) = ha)Padyds

_ / )y = / e(Via(y)dy - 0

as t — 0. Now [|f x g, — fll, < |lf * g = hoxgillp + [|h % ge = Rl + [ = fll,- So
| f * gt — f|l, < e for all sufficiently small ¢t > 0, as required. O

p

dx

7.5. Uniqueness and inversion.

Theorem 7.5.1. Let f € L*(RY). Define fort > 0 and x € R?
1 A 2 ‘
_ —lu|?t/2 —i{u,x)
fi(z) = 2 S f(u)e e du.
Then ||fy — fli — 0 ast — 0. Moreover, the Fourier inversion formula holds
whenever f € LY(RY) and f € LY(RY).

Proof. Consider the Gaussian convolution f % g;. Then f/*\gt(u) = flu)e 2 8o
fi = [ * g, by Lemma 7.4.1 and so || f; — f|[1 — 0 as t — 0 by Lemma 7.4.2.
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Now, if f € L*(R9), then by dominated convergence with dominating function | f l,

1 o )
ft(x) — (QT)d /Rd f(u)e—z<u,x)du

as t — 0 for all . On the other hand, f;, — f almost everywhere for some sequence
t, — 0. Hence the inversion formula holds for f. 0

7.6. Fourier transform in L*(RY).

Theorem 7.6.1. The Plancherel identity holds for all f € L' N L*(RY). Moreover
there is a unique Hilbert space automorphism F on L2 such that

F[f] = [(2m) =]
for all f € L' N L*(RY).
Proof. Suppose to begin that f € L' and f € L*. Then the inversion formula holds

and f, f € L®. Also (z,u) — f(z)f(u) is integrable on R? x R%. So, by Fubini’s
theorem, we obtain the Plancherel identity for f:

e IfE = o) [ f@iFCde - /Rd<Rdf<u>e—i<W>du)mdx

:/Rdf( )( It )el“dx)du—/ F(w) flu)du = | f113

Now let f € L' N L? and consider for t > 0 the Gaussian convolution f; = f * g;.
We consider the limit ¢ — 0. By Lemma 7.4.2, f; — f in L% so || filla = [|f]2- We
have f, = fg and g.(u) = e "2 so || £]2 1 ||f]|2 by monotone convergence. The
Plancherel identity holds for f; because f;, ft € L'. On letting t — 0 we obtain the
identity for f.

Define Fy : L' N L2 — L2 by Fylf] = [(27) %2f]. Then Fy preserves the L2
norm. Since £! N £? is dense in £2, Fy then extends uniquely to an isometry F of
L2 into itself. Finally, by the inversion formula, F' maps the set V = {[f] : f €
L' and f € L'} into itself and F4[f] = [f] for all [f] € V. But V contains all
Gaussian convolutions and hence is dense in £2, so F' must be onto £2. O]

7.7. Weak convergence and characteristic functions. Let i be a Borel proba-
bility measure on R? and let (i, : n € N) be a sequence of such measures. We say
that u, converges weakly to u if p,(f) — p(f) as n — oo for all continuous bounded
functions f on R Given a random variable X in R¢ and a sequence of such random
variables (X, : n € N), we say that X,, converges weakly to X if ux, converges weakly
to px. There is no requirement that the random variables are defined on a common
probability space. Note that a sequence of measures can have at most one weak limit,
but if X is a weak limit of the sequence of random variables (X, : n € N), then so is
any other random variable with the same distribution as X. In the case d = 1, weak

convergence is equivalent to convergence in distribution, as defined in Section 2.5.
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Theorem 7.7.1. Let X be random variable in R%. Then the distribution ux of X is
uniquely determined by its characteristic function ¢x. Moreover, in the case where
ox 18 integrable, px has a continuous bounded density function given by

1
fX(‘T) = (27T)d

Moreover, if (X,, : n € N) is a sequence of random variables in R? such that ¢, (u) —
dx(u) as n — oo for all u € R?, then X,, converges weakly to X.

dx (u)e ) du.
R4

Proof. Let Z be a random variable in R?, independent of X, and having the standard
Gaussian density g;. Then v/#Z has density g, and X 4 v/tZ has density given by the
Gaussian convolution f; = ux * g;. We have ft(u) = ¢x (u)e‘|u|2t/2 so, by the Fourier
inversion formula,

1

—|u|?t/2  —i{u,x)
@) ng( Je e du.

fi(z) =
By bounded convergence, for all continuous bounded functions ¢ on R¢, as t — 0

| o) la)da = Bla(X + Vi) = Blo(x) = [ glalpx(do)

Hence ¢x determines py uniquely.

If ¢y is integrable, then |f;(z)| < (27)7¢|¢x |1 for all z and by dominated con-
vergence with dominating function |¢x|, we have fi(z) — fx(z) for all z. Hence
fx(xz) > 0 for all = and, for g continuous of compact support, by bounded conver-

o fstamxtan) =ty | oo = | ooz

which implies that px has density fx, as claimed.

Suppose now that (X, : n € N) is a sequence of random variables such that
ox, (u) = ¢x(u) for all u. We shall show that E(g(X,,)) — E(g(X)) for all integrable
functions ¢ on R? whose derivative is bounded, which implies that X, converges
weakly to X. Given £ > 0, we can choose ¢t > 0 so that v/#||Vg||E|Z| < £/3. Then
E|lg(X + VtZ) — g(X)| < ¢/3 and E|g(X,, + VtZ) — g(X)| < /3. On the other
hand, by the Fourier inversion formula, and dominated convergence with dominating
function |g(z)|e~1"/2, we have

1 2 .
Bl +ViZ) = o [ ), (we e dud
(27m)? Jraxra
]_ 2 .
— / g(z)dx (u)e M 2e= @0 dydr = E(g(X + VtZ))
(2m)¢ Jraxpa
as n — oo. Hence |[E(g(X,)) — E(g(X))| < ¢ for all sufficiently large n, as required.

O
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There is a stronger version of the last assertion of Theorem 7.7.1 called Lévy’s
continuity theorem for characteristic functions: if ¢x, (u) converges as n — oo, with
limit ¢(u) say, for allu € R, and if ¢ is continuous in a neighbourhood of 0, then ¢ is
the characteristic function of some random variable X, and X,, — X in distribution.
We will not prove this.

8. (GAUSSIAN RANDOM VARIABLES

8.1. Gaussian random variables in R. A random variable X in R is Gaussian if,
for some 1 € R and some 02 € (0,00), X has density function

1
fx(.%‘) - \/W

We also admit as Gaussian any random variable X with X = p a.s., this degenerate
case corresponding to taking o2 = 0. We write X ~ N(u,0?).

Proposition 8.1.1. Suppose X ~ N(u,0?) and a,b € R. Then (a) E(X) = u, (b)
var(X) = 02, (c) aX + b~ N(ap +b,a’0?), (d) ¢x(u) = e~ u20/2.

o~ (@=p)?/20%

8.2. Gaussian random variables in R". A random variable X in R" is Gaussian if
(u, X) is Gaussian, for all u € R™. An example of such a random variable is provided
by X = (Xi,...,X,), where X1,..., X,, are independent N (0, 1) random variables.
To see this, we note that

Eei(u,X) — ]EHeiuka — €—|u|2/2

so (u, X) is N(0, [u]?) for all u € R™.
Theorem 8.2.1. Let X be a Gaussian random variable in R™. Let A be an m X n
matriz and let b € R™. Then
(a) AX + b is a Gaussian random variable in R™,
(b) X € L? and px is determined by p =E(X) and V = var(X),
(c) px(u) = ez(w)—<uA/u>/2
(d) if V' is invertible, then X has a density function on R™, given by
fx(x) = (2m) 72 (det V)2 exp{—(z — p, V"' (x — p))/2},

(e) suppose X = (X1, X3), with X7 in R™ and X, in R"2, then

cov(Xy, Xo) =0 amplies Xy, Xy independent.

Proof. For u € R™, we have (u, AX +b) = (ATu, X)+(u, ) so (u, AX +0b) is Gaussian,
by Proposition 8.1.1. This proves (a).
Each component X is Gaussian, so X € L?. Set u = E(X) and V = var(X).
For v € R" we have E((u, X)) = (u,p) and var({u, X)) = cov((u, X), (u, X)) =
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(u,Vu). Since (u, X) is Gaussian, by Proposition 8.1.1, we must have (u, X) ~
N ((u, 1), (u, Vuy) and ¢x(u) = Eel®X) = eitwm=wVw/2 This is (c) and (b) follows
by uniqueness of characteristic functions.

Let Yy,...,Y, be independent N(0, 1) random variables. Then Y = (Yi,...,Y,)
has density

Fr(y) = (2m) " exp{~|y[*/2}.
Set X = V2V 4y, then X is Gaussian, with E(X) = y and var(X) =V, s0o X ~ X.
If V' is invertible, then X and hence X has the density claimed in (d), by a linear

change of variables in R".
Finally, if X = (X3, X3) with cov(Xy, X3) = 0, then, for u = (uy, us), we have

(u, V) = (ur, Virur) + (u2, Vasua),
where V; = var(X;) and Vay = var(Xs). Then ¢x(u) = ¢x, (u1)dx,(uz2) so X; and
X, are independent. O
9. ERGODIC THEORY

9.1. Measure-preserving transformations. Let (E, &, 1) be a measure space. A
measurable function 0 : £ — FE is called a measure-preserving transformation if

w(@ H(A)) = pu(A), forall AcE.

A set A € € is invariant if 67'(A) = A. A measurable function f is invariant if
f = fo6. The set of all invariant sets forms a o-algebra, which we denote by &g.
Then f is invariant if and only if f is €g-measurable. We say that 0 is ergodic if &y
contains only sets of measure zero and their complements.

Here are two simple examples of measure preserving transformations.

(i) Translation map on the torus. Take E = [0,1)" with Lebesgue measure on its
Borel o-algebra, and consider addition modulo 1 in each coordinate. For a € E set

Oo(z1,...,xn) = (X1 + a1,..., 2Ty + ap).
(ii) Bakers’ map. Take E = [0, 1) with Lebesgue measure. Set
0(z) =2z — |2z].

Proposition 9.1.1. If f s integrable and 6 is measure-preserving, then f o6 is

integrable and
/fd,u:/foed,u.
E E

Proposition 9.1.2. If 0 is ergodic and f is invariant, then f = c a.e., for some

constant c.
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9.2. Bernoulli shifts. Let m be a probability measure on R. In §2.4, we constructed
a probability space (£2, F,P) on which there exists a sequence of independent random
variables (Y, : n € N), all having distribution m. Consider now the infinite product
space
E=R"={r=(z,:n€N):z, €R for all n}
and the o-algebra € on E generated by the coordinate maps X, (x) = z,
E=0(X,:neN).
Note that € is also generated by the 7-system
A= {H A, A, € B for all n, A, = R for sufficiently large n}.
neN
Define Y : Q — E by Y(w) = (Y,,(w) : n € N). Then Y is measurable and the image
measure y = P oY ! satisfies, for A =[] _y An € A,

u(A) = ] m(An).

By uniqueness of extension, p is the unique measure on € having this property.
Note that, under the probability measure y, the coordinate maps (X, : n € N) are
themselves a sequence of independent random variables with law m. The probability
space (E, &, u) is called the canonical model for such sequences. Define the shift map
0:FE— FE by

9(1’1,332, .. ) = (1'2,563, c. )
Theorem 9.2.1. The shift map is an ergodic measure-preserving transformation.

Proof. The details of showing that € is measurable and measure-preserving are left
as an exercise. To see that 6 is ergodic, we recall the definition of the tail o-algebras

To=0Xp:m>=n+1), T=[)T,.

For A =1], .y An € A we have
07" (A) = { X1k € Ay, for all k} € Ty,

Since T, is a o-algebra, it follows that §~"(A) € T,, for all A € £, so €y C T. Hence
0 is ergodic by Kolmogorov’s zero-one law. ([l

neN

9.3. Birkhoff’s and von Neumann’s ergodic theorems. Throughout this sec-
tion, (E, &, 1) will denote a measure space, on which is given a measure-preserving
transformation 6. Given an measurable function f, set Sp = 0 and define, for n > 1,

Su=Sulf) = [+ S 004+ ot
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Lemma 9.3.1 (Maximal ergodic lemma). Let f be an integrable function on E. Set

S* = sup,>0 Sn(f). Then
/ fdp > 0.
{5*>0}

Proof. Set S = maxo<m<n Sm and A,, = {S% > 0}. Then, for m=1,...,n,
Sm=f+Sm100< f4+500.
On A,,, we have S} = max;<;<p S, SO
Sy < f4+S5,00.

On A¢, we have
S, =0<5,00.

So, integrating and adding, we obtain

/S;d,ug/ fd/ﬁ—l—/S;’fboHd/uL.
E A, E

/S;oedu:/S:;du<oo
E E

fdu > 0.

An

But S; is integrable, so

which forces

Asn — 00, A, T {S* > 0} so, by dominated convergence, with dominating function

£,

n—o0

/ fdu = lim fdp > 0.
{5*>0} An
OJ

Theorem 9.3.2 (Birkhoff’s almost everywhere ergodic theorem). Assume that (E, &, i)
is o-finite_and that f is an integrable function on E. Then there exists an invariant
function f, with p(|f]) < wu(|f]), such that S,.(f)/n — f a.e. as n — 0.

Proof. The functions liminf, (S,,/n) and lim sup,,(S,/n) are invariant. Therefore, for
a < b, so is the following set

D = D(a,b) = {liminf(S,/n) < a < b < limsup(S,/n)}.

We shall show that (D) = 0. First, by invariance, we can restrict everything to D
and thereby reduce to the case D = E. Note that either b > 0 or a < 0. We can

interchange the two cases by replacing f by —f. Let us assume then that b > 0.
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Let B € € with u(B) < oo, then g = f — blp is integrable and, for each z € D,
for some n,

Sn(9)(x) = Sn(f)(x) —nb > 0.

Hence S*(g) > 0 everywhere and, by the maximal ergodic lemma,

0 [ (F=vmdu= | sdu=tu(B),

Since p is o-finite, there is a sequence of sets B, € £, with u(B,) < oo for all n and
B, T D. Hence,

bu(D) = lim by(B,) < /D fdp.

In particular, we see that p(D) < oo. A similar argument applied to —f and —a,
this time with B = D, shows that

(~au(D) < [ (~$dn

D
Hence

(D) < [ fdu < an(D),
D
Since a < b and the integral is finite, this forces u(D) = 0. Set
A = {liminf(S,/n) < limsup(S,/n)}

then A is invariant. Also, A = J, jcgacp P(@,0), so u(A) = 0. On the complement

of A, S, /n converges in [—00, 00, so we can define an invariant function f by

7 _ [lim,(S,/n) on A€
/ {O on A.

Finally, u(|fo0™]) = p(|fl), so p(|Sn|) < nu(]f]) for all n. Hence, by Fatou’s lemma,
p(1f) = piminf | S, /n]) < lim inf u(]S, /n]) < p(lf]).
0

Theorem 9.3.3 (von Neumann’s L ergodic theorem). Assume that p(E) < co. Let
p € [1,00). Then, for all f € LP(p), So(f)/n — f in LP.

Proof. We have
1/p
I 087, = ( / |f|”09"du) 1/l

So, by Minkowski’s inequality,
150 () /nllp < [1f1lp-
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Given ¢ > 0, choose K < oo so that ||f — g||, < €/3, where g = (-K)V f A K.
By Birkhoft’s theorem, S, (g)/n — g a.e.. We have |S,(g)/n| < K for all n so, by
bounded convergence, there exists N such that, for n > N,

15n(g9)/n = gllp < /3.

By Fatou’s lemma,
IF =gl = [ timint |5, (7 - 9)/nld
E n

< liminf/ 1Sn(f — g)/nlPdp < || f — glIb.
n E
Hence, for n > N,

18:(f)/n = Flly < ISa(f = 9)/nlly + 1Su(9) /7 = gllp + g — £ll,
<e/3+¢/3+¢/3=c.

10. SUMS OF INDEPENDENT RANDOM VARIABLES

10.1. Strong law of large numbers for finite fourth moment. The result we
obtain in this section will be largely superseded in the next. We include it because
its proof is much more elementary than that needed for the definitive version of the
strong law which follows.

Theorem 10.1.1. Let (X, : n € N) be a sequence of independent random variables
such that, for some constants p € R and M < oo,

E(X,) =p, E(X,) <M foralln.
Set S, =X, +---+X,. Then
Sp/n— p a.s., asn — 0.
Proof. Consider Y,y = X,, — . Then Y, < 24(X* + u), so
E(Y,}) < 16(M + )

and it suffices to show that (Y;+---+Y,,)/n — 0 a.s.. So we are reduced to the case
where p = 0.
Note that X,,, X2, X3 are all integrable since X? is. Since p = 0, by independence,

E(X;X?) = E(X; X;X}) = E(X,X; X, X;) =0
for distinct indices i, 7, k,[. Hence

E(sﬁ):E(Z Xi+6 > Xfo).

1<i<n 1<i<j<n
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Now for ¢ < j, by independence and the Cauchy—Schwarz inequality
E(X?X3) = E(X?)E(X}) < E(X})?E(X})* < M.
So we get the bound
E(S%) <nM +3n(n — 1)M < 3n*M.
Thus
EY (Sa/n)* <3MY 1/n* < oo

which implies

Z(Sn/n)4 <00 as.

and hence S,/n — 0 a.s.. O
10.2. Strong law of large numbers.

Theorem 10.2.1. Let m be a probability measure on R, with

/R [|m(dx) < o, /R em(dz) = v.

Let (E, &, 1) be the canonical model for a sequence of independent random variables
with law m. Then

p{x: (x1 4+ +x,)/n—>vasn — oo}) = 1.

Proof. By Theorem 9.2.1, the shift map 6 on FE is measure-preserving and ergodic.
The coordinate function f = X is integrable and S,,(f) = f+ fof+-- -+ fof" 1 =
X, + -+ X, So (X;+--+X,)/n — f ae., for some invariant function f,
by Birkhoff’s ergodic theorem. Moreover, this convergence holds also in L' by von
Neumann’s ergodic theorem. Since 6 is ergodic, f = ¢ a.e., for some constant ¢ and

then ¢ = u(f) = lim, u(S,/n) = v. O

Theorem 10.2.2 (Strong law of large numbers). Let (Y, : n € N) be a sequence
of independent, identically distributed, integrable random variables with mean v. Set
S,=Y,+---+Y,. Then

Sp/n— v a.s., asn — oo.

Proof. In the notation of Theorem 10.2.1, take m to be the law of the random variables
Y,. Then p =PoY ! where Y : Q — E is given by Y (w) = (¥, (w) : n € N). Hence

P(S,/n —wvasn—o0)=pu{z: (r1+ - +z,)/n—>vasn—oo}) = 1.
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10.3. Central limit theorem.

Theorem 10.3.1 (Central limit theorem). Let (X, : n € N) be a sequence of inde-
pendent, identically distributed, random variables with mean 0 and variance 1. Set
Sp,=X1+ -+ X,,. Then, for all x € R, as n — o0,

(5e) [

Proof. Set ¢(u) = E(e™X1). Since E(X?) < oo, we can differentiate E(e®X1) twice
under the expectation, to show that
¢(0)=1, ¢'(0)=0, ¢"(0)=—L
Hence, by Taylor’s theorem, as u — 0,
d(u) =1 —u?/2 + o(u?).
So, for the characteristic function ¢, of S,/\/n,
On(u) = B(eM XV — [B(VIX P = (1 —u? /20 + o(u® /n))".
The complex logarithm satisfies, as z — 0,
log(1+2) = z +o(|2])
so, for each u € R, as n — o0,
log ¢ (u) = nlog(1 —u?/2n + o(u®/n)) = —u*/2 + o(1).

Hence ¢, (u) — e **/? for all u. But e~**/? is the characteristic function of the N (0,1)
distribution, so S,,/v/n — N(0,1) in distribution by Theorem 7.7.1, as required. [
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