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Abstract: A stochastic frontier production function is defined for panel data on firms, in which the 
non-negative technical inefficiency effects are assumed to be a function of firm-specific variables 
and time. The inefficiency effects are assumed to be independently distributed as truncations of 
normal distributions with constant variance, but with means which are a linear function of observ- 
able variables. This panel data model is an extension of recently proposed models for inefficiency 
effects in stochastic frontiers for cross-sectional data. An empirical application of the model is 
obtained using up to ten years of data on paddy farmers from an Indian village. The null hypo- 
theses, that the inefficiency effects are not stochastic or do not depend on the farmer-specific vari- 
ables and time of observation, are rejected for these data. 
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1 Introduction 

Since the s tochast ic  f ront ier  p roduc t ion  funct ion was independent ly  p r o p o s e d  
in Aigner,  Lovel l  and  Schmid t  (1977) and  Meeusen  and  van  den Broeck (1977), 
there  has been cons iderab le  research to extend and  app ly  the model .  Reviews 
of  much  of  this research are  p rov ided  in For sund ,  Lovel l  and  Schmidt  (1980), 
Schmidt  (1986), Bauer  (1990), Bat tese (1992) and  Greene  (1993). 

The s tochast ic  f ront ier  p r o d u c t i o n  funct ion pos tu la tes  the existence of tech- 
nical  inefficiencies of  p roduc t ion  of  firms involved in p roduc ing  a pa r t i cu la r  
output .  Mos t  theoret ica l  s tochast ic  f ront ier  p rod uc t i on  funct ions have no t  ex- 
pl ici t ly fo rmula ted  a mode l  for these technical  inefficiency effects in terms of  
a p p r o p r i a t e  exp lana to ry  variables.  Ear ly  empir ica l  papers ,  in which the issue 
of  the explanation of these inefficiency effects was raised, include Pi t t  and  Lee 
(1981) and  Ka l i r a j an  (1981). These papers  a d o p t  a two-s tage  approach ,  in 
which the first s tage involves the specification and  es t imat ion  of  the s tochast ic  
f ront ier  p roduc t i on  funct ion and  the pred ic t ion  of the technical  inefficiency 
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effects, under the assumption that these inefficiency effects are identically dis- 
tributed. The second stage involves the specification of a regression model for 
the predic ted  technical inefficiency effects, which contradicts the assumption of 
identically distributed inefficiency effects in the stochastic frontier. 

Kumbhakar,  Ghosh and McGuckin (1991), Reifschneider and Stevenson 
(1991) and Huang and Liu (1994) recently proposed models for the technical 
inefficiency effects involved in stochastic frontier functions. The parameters of 
the stochastic frontier and the inefficiency model are estimated simultaneously, 
given appropriate distributional assumptions associated with cross-sectional 
data on the sample firms. 

The present paper proposes a model for technical inefficiency effects in a 
stochastic frontier production function for panel data. Provided the inefficien- 
cy effects are stochastic, the model permits the estimation of both technical 
change in the stochastic frontier and time-varying technical inefficiencies. 

2 Inefficiency Frontier Model for Panel Data 

Consider the stochastic frontier production function for panel data, 

Yit = exp(x i t~  + Vii - Ui,) (1) 

where Y~t denotes the production at the t-th observation (t = 1, 2 . . . . .  T) for 
the i-th firm (i - 1, 2 . . . .  , N); 2 

xlt is a (1 x k) vector of values of known functions of inputs of produc- 
tion and other explanatory variables associated with the i-th firm at the t-th 
observation; 

fl is a (k x 1) vector of unknown parameters to be estimated; 
the Vats are assumed to be iid N(0, av z) random errors, independently distrib- 

uted of the Uits; 
the U~ts are non-negative random variables, associated with technical ineffi- 

ciency of production, which are assumed to be independently distributed, such 
that U~t is obtained by truncation (at zero) of the normal distribution with 
mean, zi~6 , and variance, ~r2; 

zit is a (1 x m) vector of explanatory variables associated with technical inef- 
ficiency of production of firms over time; and 

6 is an (m x 1) vector of unknown coefficients. 
Equation (1) specifies the stochastic frontier production function in terms of 

the original production values. However, the technical inefficiency effects, the 

2 Al though it is assumed that there are T time periods for which observations are available for 
at least one of  the N firms involved, it is not  necessary that  all the firms are observed for all T 
periods in this model specification. 
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U~ts, are assumed to be a function of a set of explanatory variables, the zits, and 
an unknown vector of coefficients, 6. The explanatory variables in the ineffi- 
ciency model may include some input variables in the stochastic frontier, pro- 
vided the inefficiency effects are stochastic. If the first z-variable has value one 
and the coefficients of all other z-variables are zero, then this case represents 
the model specified in Stevenson (1980) and Battese and Coelli (1988, 1992). 3 If 
all elements of the f-vector are equal to zero, then the technical inefficiency 
effects are not related to the z-variables and so the half-normal distribution 
originally specified in Aigner, Lovell and Schmidt (1977) is obtained. If interac- 
tions between firm-specific variables and input variables are included as z- 
variables, then a non-neutral stochastic frontier, proposed in Huang and Liu 
(1994), is obtained. 

The technical inefficiency effect, U,, in the stochastic frontier model (1) could 
be specified in equation (2), 

U, = z/,6 + W, (2) 

where the random variable, W~ t, is defined by the truncation of the normal 
distribution with zero mean and variance, a 2, such that the point of truncation 
is - z , 6 ,  i.e., Wit > -z~t6. These assumptions are consistent with U, being a 
non-negative truncation of the N(zitr, g2)-distribution. The inefficiency frontier 
production function (1)-(2) differs from that of Reifschneider and Stevenson 
(1991) in that the W-random variables are not identically distributed nor are 
they required to be non-negative, as in the latter paper. Further, the mean, 
z,6, of the normal distribution, which is truncated at zero to obtain the 
distribution of U,, is not required to be positive for each observation, as in 
Reifschneider and Stevenson (1991). 

The assumption that the U,s and the V~ts are independently distributed for 
all t = 1, 2 . . . . .  T, and i = 1, 2, . . . ,  N, is obviously a simplifying, but restrictive, 
condition. Alternative models are required to account for possible correlated 
structures of the technical inefficiency effects and the random errors in the 
frontier. 

The method of maximum likelihood is proposed for simultaneous estima- 
tion of the parameters of the stochastic frontier and the model for the technical 
inefficiency effects. The likelihood function and its partial derivatives with re- 
spect to the parameters of the model are presented in Battese and Coelli (1993). 
The likelihood function is expressed in terms of the variance parameters, a 2 = 
a 2 + a 2 and ~ = a2/a 2. 

The technical efficiency of production for the i-th firm at the t-th observa- 
tion is defined by equation (3), 

T E i t  = exp(-- Uit ) = exp(-- Zitt~ - -  Wit ) . (3) 

3 Not including an intercept parameter, 6o, in the mean, z,6,  may result in the estimators for 
the g-parameters associated with the z-variables being biased and the shape of the distributions of 
the inefficiency effects, U~, being unnecessarily restricted. 
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The prediction of the technical efficiencies is based on its conditional expecta- 
tion, given the model assumptions. This result is also given in the Appendix of 
Battese and Coelli (1993). 

3 Empirical Application 

Data on paddy farmers from the Indian village of Aurepalle are considered for 
an empirical application of our model defined above. These data were col- 
lected by the International Crops Research Institute for the Semi-Arid Tropics 
(ICRISAT). Information on the age and years of schooling for 14 paddy farm- 
ers from Aurepalle are used to explain the differences in the inefficiency effects 
among the farmers. Data on variables, such as the frequency of contacts with 
agricultural extension officers, access to credit, the use of high-yielding varie- 
ties, etc., were not available. The use of age, years of formal schooling and year 
of observation illustrate the methodology involved. A total of 125 observations 
are involved for a ten-year period from 1975-76 to 1984-85. 

The stochastic frontier production function to be estimated is 

En(Yit) = flo + fll fn(Landit) + fl2(PILandit) + f13 En(Labourit) 

+ fl* En(Bullocksit) + f15 En[Max(C~ 1 -- Dit)] 

+ fl6(Year~,) + ~ , -  U~ (4) 

where the technical inefficiency effects are assumed to be defined by 

//it = fo + fl(Agei,) + fiE(Schoolingi,) + f3(Year,) + Wit (5) 

where En denotes the natural logarithm (i.e., logarithm to the base e); 

Y is the total value of output (in Rupees) for the farmer involved; 4 
Land is the total area of irrigated and unirrigated land operated (in hectares); 
PILand is the proportion of the operated land that is irrigated; 
Labour is the total hours of family and hired labour used on the farm; 
Bullocks represents the hours of bullock labour used; 
Costs refers to the value of fertilizer, manure, pesticides, machinery, etc.; 
D is a variable which has value one if Costs are positive and zero, otherwise; 
Age is the age of the primary decision maker in the farming operation; 
Schooling is the years of formal schooling of the primary decision maker, 
Year indicates the year of the observation involved; and 
~, and W~t are as defined in the previous section. 

4 Defining the production variable as the total value of output, rather than physical output of a 
crop, has implications for the interpretation of the inefficiency effect, U~t, in the frontier. In fact, 
this random variable accounts for any factors associated with inefficiency of production, including 
technical inefficiency. Use of value of output is required, given that the Indian farmers involved 
engaged in other agricultural activites, including mixed cropping, in addition to growing paddy. 
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The stochastic frontier production function in (4) can be viewed as a lin- 
earized version of the logarithm of the Cobb-Douglas production of function 
in which the land variable is a weighted average of the number of irrigated 
and unirrigated hectares of land used in the production of paddy and other 
crops. The variable, PILand, accounts for the differences in the productivities 
of irrigated and unirrigated land. 

The inefficiency frontier model (4)-(5) accounts for both technical change 
and time-varying inefficiency effects. The Year variable in the stochastic fron- 
tier (4) accounts for Hicksian neutral technological change. However, the Year 
variable in the inefficiency model (5) specifies that the inefficiency effects may 
change linearly with respect to time. The distributional assumptions on the 
inefficiency effects permit the effects of technical change and time-varying be- 
haviour of the inefficiency effects to be identified, in addition to the intercept 
parameters, fl0, and ~0, in the stochastic frontier and the inefficiency model. 

Maximum-likelihood estimates of the parameters of the model are obtained 
using a modification of the computer program, FRONTIER 2.0 (see Coelli, 
1992). These estimates, together with the estimated standard errors of the 
maximum-likelihood estimators, given to two significant digits, are as follows: 

Stochastic Frontier: 

fn  Y = 2.86 + 0.37 fn(Land) + 0.38 fn(PILand) + 0.85 t"n(Labour) 
(0.60) (0.12) (0.21) (0.13) 

- 0.33 fn(Bullocks) + 0.071 Yn(Costs) + 0.014 Year 
(0.11) (0.031) (0.013) 

Inefficiency Model: 

U = - 1.5 + 0.035 Age - 0.006 Schooling - 0.57 Year 
(2.8) (0.034) (0.077) (0.60) 

Variance Parameters: t~ 2 = 0.74,  ~ = 0.952 
(0.75) (0.047) 

Log(likelihood) = - 22.595. 

The signs of the coefficients of the stochastic frontier are as expected, with 
the exception of the negative estimate of the bullock-labour variable. The neg- 
ative elasticity for bullock labour may be due to the fact that it is used more 
extensively in years of poorer rainfall (for weed control, levy bank improve- 
ments, etc.) when yields are lower. Thus bullock labour may be an inverse 
proxy for rainfall. The positive coefficient of the proportion of irrigated land 
confirms the expected positive relationship between the proportion of irrigated 
land and total value of production. The estimated coefficients for the land and 
labour variables, 0.37 and 0.85, respectively, are highly significant, while that 
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Table 1. Tests of hypotheses for parameters of the inefficiency frontier model for paddy farmers in 
Aurepalle 

Null Hypothesis Log(Likelihood) Zo2.95-value Test statistic* 

Ho: ~ = 6o . . . . .  63 = 0 --37.588 12.59 29.99* 
Ho: ~ = 0 --36.082 7.82 26.97* 
Ho: 61 = t$ 2 = 63 = 0 -27.941 7.82 10.69" 

* An asterisk on the value of the test statistic indicates that it exceeds the 95th percentile for the 
corresponding x2-distribution and so the null hypothesis is rejected. 

for costs of  other  inputs is relatively small, but  significant. The coefficient of  
Year indicates that  the value of  ou tpu t  has tended to increase by a small, but  
insignificant, rate over the ten-year period. 

The estimated coefficients in the inefficiency model  are of  part icular interest 
to  this study. The Age coefficient is positive, which indicates that  the older 
farmers are more  inefficient than the younger  ones. The negative estimate for 
Schooling implies that  farmers with greater years of  schooling tend to be less 
inefficient. However ,  the relationship is very weak, because the coefficient is 
very small relative to its estimated s tandard  error. The negative coefficient for 
Year suggests that  the inefficiencies of  p roduc t ion  of  the paddy  farmers tended 
to  decline t h roughou t  the ten-year period. 

The estimate for the variance parameter ,  ~, is close to one, which indicates 
that  the inefficiency effects are likely to be highly significant in the analysis of  
the value of  ou tpu t  of  the farmers. Generalized likelihood-ratio tests 5 of  null 
hypotheses,  that  the inefficiency effects are absent or  that  they have simpler 
distributions, are presented in Table 1. The first null hypothesis, which speci- 
fies that  the inefficiency effects are absent f rom the model,  is strongly rejected. 
The second null hypothesis, which specifies that  the inefficiency effects are no t  
stochastic, 6 is also strongly rejected. The  third null hypothesis,  considered in 
Table 1, specifies that  the inefficiency effects are no t  a linear function of  the age 
and schooling of  the farmers and the year of  observation. This null hypothesis 
is also rejected at the 5~o level of  significance. This indicates that  the joint  
effects of  these three explanatory  variables on the inefficiencies of  product ion  is 
significant a l though the individual effects of  one or  more  of  the variables may  
not  be statistically significant. The inefficiency effects in the stochastic frontier 
are clearly stochastic and are no t  unrelated to  the age and level of formal 

5 The likelihood-ratio test statistic, 2 = --2{log[Likelihood(Ho)] -- log[Likelihood(H1)]}, has 
approximately chi-square distribution with parameter equal to the number of parameters assumed 
to be zero in the null hypothesis, Ho, provided Ho is true. 
6 If the parameter, ~, is zero, then the variance of the inefficiency effects is zero and so the model 
reduces to a traditional mean response function in which the variables, age and schooling of the 
farmers, are included in the production function. In this case, the parameters, 6 o and 63, are not 
identified. Hence the critical value for the test statistic for this second null hypothesis is obtained 
from the z]-distribution. 
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schooling of farmers and year of observation. Thus it appears that, in this ap- 
plication, the proposed inefficiency stochastic frontier production function is a 
significant improvement over the corresponding stochastic frontier which does 
not involve a model for the technical inefficiency effects. 

4 Conclusions 

A model for technical inefficiency effects in a stochastic frontier production 
function is proposed for panel data. An application of the model is presented 
using data from 14 Indian paddy farmers, observed over a ten-year period. The 
results indicate that the model for the technical inefficiency effects, involving a 
constant term, age and schooling of farmers and year of observation, is a sig- 
nificant component in the stochastic frontier production function. The applica- 
tion also illustrates that the model specification permits the estimation of both 
technical change and time-varying technical inefficiency, given that inefficiency 
effects are stochastic and have a known distribution. 

Further theoretical and applied work is obviously required to obtain better 
and more general models for stochastic frontiers and the technical inefficiency 
effects associated with the analysis of panel data. 
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